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ABSTRACT

The notion of generalized primitive recursive arithmetical
function was introduced in [1]and in [2] — the notion of
generalized primitive recursive string function. It is proved
that the string function is generalized primitive recursive if
and only if its representative arithmetical function is
generalized primitive recursive.
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1. INTRODUCTION

In [1], the notion of primitive recursive arithmetical function
is generalized in the following way: the primitive recursive
arithmetical functions are defined in ausual way, for
example, as in [3]; the generalized primitive recursive
arithmetical functions are defined the same way, but the
arithmetical function U(x), defined now here, is added to the
basic functions.

In [2], the notion of primitive recursive string function ([3],
[4]) is generalized in the following way: the primitive
recursive string functions are defined in ausual way, for
example, as in ([3], [4]); the generalized primitive recursive
string functions are generalized the same way, but the string
function U(P),defined now here, is added to the basic
functions. However, in [2] it is not considered how the
generalized primitive recursive arithmetical functions and
the generalized primitive recursive string functions are
interconnected. In this work, for each string function we
consider its representative arithmetical function ([3], [4]). It
is proved that each string function is generalized primitive
recursive if and only if its representative arithmetical
function is generalized primitive recursive.

2. GENERALIZED PRIMITIVE
RECURSIVE STRING FUNCTIONS

The notion of primitive recursive function (or primitive
recursive arithmetical function) is defined in a usual way
(31, [41, [3D.

Primitive recursive functions (PRF) are functions obtained
from the basic functions 0, |¥(x,X,,...,x ) =X (where k >1,

1<1<k), S(x)=x+1, by the operators of superposition-
f =S(g,h,h,,...,h,) and
f =R(«, B) (131, [4], [5D).

The notion of generalized primitive recursive function
(GPRF) is defined similarly to the notion of PRF with the
only difference: one-dimensional function U(x), undefined
everywhere, is added to the set of basic functions.

The notion of many-dimensional primitive recursive string
function is given in [3], [4].

primitive recursion-

Let A be an alphabet, i.e., a list of p > 1 different symbols,
A={ay,a,, .. ,a,}. By A"we denote the set of all words in
A (including the empty wordA).
We say that the function F is an n-dimensional string
function n>1 in the alphabet A if for any n-tuple
(Py, Py, -+, B,), where all P; are words in A, the value
F(Py, Py, -+, B,) is either undefined, or is a word in A. By
'F(P,,P,,-++,B,), we denote the statement: “the value
F(Py, Py, -+, B,) is defined.”
Below we consider only string functions in the fixed
alphabet A.
Basic string functions are defined as functions of the
following kinds.
1. One-dimensional function D(P) such that
D(P) =A for any word P in A.
2. One-dimensional function S;(P), where 1 <i<p
such that S;(P) = Pa;, for any word P in A.
3. n-dimensional functions Iy, (P;,P,,::-,PB,) where
n=>1 1<m<n, such that I} (P, P,,---,B,) =
B, for any n-tuple (P;, P, -+, B,) of words in A.
The superposition operator - F = S(G, Gy, Gy, Gp) is
definedin a natural way.
The operator R of alphabetic primitive recursion is defined
as follows. If G is an n-dimensional string function,
Hy, Hy,--, Hy are (n+2)-dimensional string functions, then
the (n+1)-dimensional string function
F = R(G,Hy, Hy, -+, Hy,) is defined by the following
equalities:
F(PI!PZ""rPnlA) = G(PerZ!"'rPn)r
F(Py, Py, -+, By, Pay) =
H;(Py, Py, -+, Py P,F(Py, Py, Py, P)),
where 1 < i < pand Py, P,,---, P,, P are any words in A.
We say that a string function is a primitive recursive string
function (PRSF), if it can be obtained from the basic
functions by the operators of superposition and alphabetic
primitive recursion.
The notion of generalized primitive recursive string function
(GPRSF) is defined similarly to the notion of PRSF with the
only difference: one-dimensional function U(P), undefined
everywhere, is added to the set of basic functions.
Below the statements“F is a primitive recursive string
function in the usual sense”, “F is a generalized primitive
recursive string function”, will be denoted by F € PRSFand
F € GPRSF, respectively. As it is known ([3]. [4]) every
function F € PRSFis defined everywhere.
The alphabetic number z(P) of the string P in A is

defined by the following equalities:

7(A)=0;

(@8, 8) =i iy P+ pT
It is known (see, for example, [3]) that such enumeration of

strings in A defines a one-to-one correspondence between
A’and the set of all natural numbers N={0,1,2...}. By



a,n (or, shortly, an) we denote the string in A having

the alphabetic number n.
Now let us define some relations between the arithmetical
functions and the string functions in a given alphabet

A={a,a,,.., ap}, where p>1. Let f be an m-dimensional

arithmetical function, and F be an m-dimensional string
function. We say that f is the function representing F (or that
F is the function representable by f) if the following equality

holds for all natural numbers X, X,...X :

F(ax,axX,..ax,)=oaf (X, X,..X,).

If a string function F is representable by an arithmetical
function f, then we say also that the function F and f
correspond to eachother.

Theorem 1. For each generalized primitive recursive string
function, its representative arithmetical function is a
generalized primitive recursive arithmetical function.

The proof is obtained by induction with respect to the
applied string operations S and R. The representative
arithmetical functions of the simplest string functions U(P),
D(P), I PP, ,P), (where n>1 1<m<
n); S; P),where 1 < i < p are merely generalized primitive
recursive functions

U, 0, In(X,X%,,...,X,),(where n>1, 1<m<n),
S, (X) = pX+1, respectively.

If the function F is obtained by superposition, F =
S(G' Gl! GZI"'r Gn)r

F(Py, Py, ..., By) =

G(Gy Py, Py, .., Pn), Gy Py, Py, P, o, Gy Py, Py, ., By))
Where G, G;, G,,+++, G, are string functions, and g, g,,
g2+, gn are the corresponding arithmetical representative
functions. Representative for F will be the function

fGn %z 0 s Xm) =

g(gl X1, X2, ...,Xm), 92 X1,X2, ...,Xm), o Gn X1, X2, ,Xm))

If the function F is obtained by recursion
F =R G,Hy, Hy, -+, Hp), then we consider S-images of the
corresponding functions (see [1], [2]).
If f is an arithmetical function, then the S-image of f is
defined as a total function f*such that
f* X1, X2, ---,xn)
f(xq, x5, ,x,) + 1, when ! f(xq,x5,+, %),
0, otherwise.
If F is a string function, then the S-image of F is defined as a
total function F* such that
F* Py, Py, By)
Sl F(P1'P2r

,P)), when 1F(Py, Py, By),

A, otherwise.
In [1], it is proved that the arithmetical function f is
generalized primitive recursive if and only if the S-image
f*is primitive recursive. In [2], it is proved that any string
function F in A is a generalized primitive recursive string
function if and only if its S-image F*is a primitive recursive
string function in the usual sense.
If F=RGHy,Hy,, Hy), G, Hy,Hy, -, H, are
generalized  primitive  recursive  string  functions,
G*,Hi,H3,---,Hy, are S-images of the functions
G,Hy, Hy, -+, Hy, respectively, then the S-image F* of the
function F satisfies the following equalities:
F* P, Py, ,P,A) =
G* Py, Py, ,P),F* PPy, , Py, Pay) =
H;* Py, Py, -, By, P,F* Py, Py, -, Py, P)),

F* Py, Py, -+, Py, Pay) =
Hp* Py, Py, By, P, F* Py, Py, -+, Py, P)),
where forany isuchthat 1 <i <p,

Hi** Pl,PZ,"',Pn,P,Q) =
HZ(HL* PIIPZ' ,Pn, P, Q;al)' Q)'

and the primitive recursive string function IT,is defined in
[2].
Since the string function F*is defined by alphabetic primitive
recursion via primitive recursive string functions, F* is a
primitive recursive string function, then representative for
Frarithmetical function f*is primitive recursive, see [3]. And
as the representative for the generalized primitive recursive
string function F will be the arithmetical generalized
primitive recursive function f defined as follows.
f(xler' "'!xn) = _
Br f* xq,X9, o, X)) —1,8gf" X1, %2, ., Xn)).
Definition of GPRF function Br (x, y), see in [1].
By Br (X, y) (“Branching function”) we denote a GPRF
defined as the operation of primitive recursion:

Br(x,0) = x;

Br(x,S() = U(I} x,y,Br(x,y))).
So, Br(x,0) = x when y =0, and Br(x,y) is undefined

when y > 0.
The theorem is proved.
Theorem 2. Each generalized primitive recursive

arithmetical function is the representative arithmetical
function of some generalized primitive recursive string
function.

The theorem is proved with the help of three lemmas.

Let us introduce a function v such that for every natural
number n (cf. [3]):

v(n)=a' =aa,.a
n times
v(0)=a’=A,
where @, is the first letter in A,

Lemma 1. (cf. [3],p. 216, Lemma 1) For each generalized
primitive recursive arithmetical function f(xy, ..., x,) there
exists a generalized primitive recursive string function
F(P,, ..., B,) satisfying the identity

F( V.,V xn) =V f(xq, e, Xn)-
The proof is given by induction with respect to the number
of applied operations S and R.
Lemma 2. There exists a primitive recursive string function
T'such that T (v(m)) = am for every natural number m.
The proof is given in [3] (see [3], p. 217).
Lemma 3. The one-dimensional string
7(Q) =v(7z(Q)) is primitive recursive.
The proof is given in [3] (see [3], p. 217).
The proof of the theorem is obtained in the following way.
Suppose f(xy,...,%,) is a generalized primitive recursive
arithmetical function, and the string function G is defined as
follows:

G(Pyy e P) = of (7T Py, T ).
By Lemma 2, we have
af (7 P, T P))=T(VF (7T P, T B
By Lemma 1, there exists a generalized primitive recursive
string function F such that
f (7 P,y T B))=F (v P),vIT BY)) =

F(APY), ., KPY)).
Thus, we have

G(Py, s P) = T (F(HPL), .., AP))-
Since all the three functions T, F, y are generalized primitive
recursive string functions then the function G is also a
generalized primitive recursive string function.
The theorem is proved.

function



3. ACKNOWLEDGEMENT

This work was supported by State Committee of Science,
MESRA, in frame of the research project Ne SCS
15T-1B238.

REFERENCES

[1] LD. Zaslavsky. “On some generalizations of the
primitive recursive arithmetic”, Theoretical Computer
Science, vol. 322, pp. 221-230, 2004.

[2] M.H. Khachatryan. “On generalized primitive recursive
string  functions”, Transactions of the 1IAP of NAS of
RA, Mathematical Problems of Computer Science, vol.
43, pp 42-46, 2015.

[3] A.l. Malcev, Algorithms and Recursive Functions, 2
edition, Moscow, “Nauka”, 1986 (in Russian).

[4] M.H. Khachatryan. “On the representation of
arithmetical and string functions in formal languages”,
Transactions of the 1IAP of NAS of RA, Mathematical
problems of computer science, vol. 27, pp. 37-53, 2006.

[5] S.C. Kleene, Introduction to Metamathematics. D. van
Nostrand Comp., Inc., New York-Toronto, 1952.





