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On reduction of the general three-body Newtonian
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Abstract. In the framework of an idea of separation of rotational and vibrational motions,
we have examined the problem of reducing the general three-body problem. The class of
differentiable functions allowing transformation of the 6D Euclidean space to the 6D conformal-
Euclidean space is defined. Using this fact the general classical three-body problem is formulated
as a problem of geodesic flows on the energy hypersurface of the bodies system. It is shown
that when the total potential depends on relative distances between the bodies, three from
six ordinary differential equations of second order describing the non-integrable hamiltonian
system are integrated exactly, thus allowing reducing the initial system in the phase space
to the autonomous system of the 6th order. In the result of reducing of the initial Newtonian
problem the geometry of reduced problem becomes curved. The latter gives us new ideas related
to the problem of geometrization of physics as well as new possibilities for study of different
physical problems.

1. Introduction

The general three-body classical problem concerns the question of understanding the motions
of three arbitrary point masses traveling in space according to Newton’s laws of mechanics.
Many works on analytical mechanics, celestial mechanics, stellar and molecular dynamics (see
for example [1, 2, 3, 4, 5]) are devoted to the study of this problem. For solution of the general
problem different approaches based on series expansions methods have been proposed; however,
due to the poor convergence of these expansions they are often used and are useful only for solving
of particular problems where the system of three-bodies is in a stable bound state [2]. Moreover,
the three-body problem is a typical example of a dynamical system where on the large scales
of the phase space we observe all features of a complex motion including the bifurcation and
chaos. That makes the numerical simulation method a basic way of research of the mentioned
problems.

The main aim of this work is to find new opportunities for separation of the internal and
external motions in the general classical three-body problem. The latter will have a key
importance for reducing the dimensionality of the dynamical problem that will allow to develop
an effective algorithm for numerical simulation.
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2. The classical three-body system in the laboratory frame
The classical Hamiltonian of the three-body system after Jacobi and mass-scale [6]
transformations can be written in the form (see also [7]):

H(r;p) = 2"70 +V(x), (1)

where r = 7 @ R € RS and p € RS are correspondingly the position vector and the momentum
of the effective mass (imaginary point) pg = [mimaoms/(my + ma + mg)]1/2, (my, mg and mg
masses of the bodies). Note that r stands for the distance between the bodies 2 and 3, while R
is the distance between the body 1 and the center of mass of the pair (2,3). In addition, the total
potential V(r) depends on the distances between the bodies, that means that the interaction
potential in fact depends on three variables.

Let us consider the following system of coordinates:

pr=r=|rll, pp=R=|R||, p3=0, ps=0, ps=, ps=VY, (2)

where the first set of three coordinates; {p} = (p1, p2, p3) describes a position of an imaginary
point on the plane formed by bodies triangle, while; © € (—7, 4], ® = (—7, +x] and ¥ € [0, 7]
are Euler angles describing the rotation of the plane in 3D space. The kinetic energy of three-
body system in these variables has the form (see also [8]):

1 . . 9 1 7. 2 . 2
T:Tm{r2+R}:%{ﬁ+ﬁ[u}xk} + (R + [w x R])*}, (3)

where the direction of unit vector k in the moving reference frame {p} is defined by expression:
RR ' = +k. Below the vector k = (0,0,1) is directed towards a positive direction of the
axis OZ, while the angular velocity w describes the rotation of the frame {p} with respect to
laboratory system. By simple calculations in the expression (3) we can find:

1 ) )
T:—{%2+R2+R202+ATQ+BR2}, (4)
2410
where the following notations are introduced:
A= (02 + d?sin? 0) = W% + Wi, B = (wx cos — wy sin ),

Let us note that in deriving the expression (4) we have used the definition of the moving system
{0} by the requirement that unit vector « lies in the plane OX Z forming angle 6 to OZ, i.e.
~ = (sinf,0,cos ). As regards of the projections of an angular velocity then they satisfy the
equations:

wy = PsinOsinV + Ocos VU, wy = PsinOcos¥ — Osin¥, wy = DcosO® — V. (5)

Taking into account (4) and (5) we can find the metric tensor:

40 0 0 0 0
0 2 0 0 0 0
B 0 0 ¥ 0 0 0
Y= 0 0 0 744 745 746
0 0 0 754 ,},55 756
0 0 0 ,}/64 765 766 (6)
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where the following notations introduced:
=722 =1, ¥ =R2 M =124 R?cos’Vcos?0, ~°° =r?sin® + RQ(sin2 O x

sin? U cos® f + cos? Osin? § — 271 sin20sin 20sin ¥), % = R?sin?9, A1 =~ =
R?(sin © sin 20 cos? § — 2 cos © cos Usin 20), 20 =~ = R%sin20cos U, ~°6 =455 =
R?(sin © sin ¥ sin 20 — 2 cos O sin” f).

Without going into details note that the considered problem has 12 integrals of motion. Using
them, the initial 18th order system is reduced to the 8th order system [9].

3. The geodesic equations on the hypersurface of energy of three-body system

As it is easy to see, the classical system of three bodies moving in a 3D Euclidean space
permanently forms the triangle, and hence Newton’s equations describe the dynamical system
on the space of such triangles [8]. The latter means that we can formally consider the motion of
a system consisting of two parts. The first is the rotational motion of the body-triangle in the
3D FEuclidian space and the second is the internal motion of bodies on the plane defined by the
triangle. Mathematically, the configuration manifold of solid body RS can be represented as a
direct product of two subspaces [10]:

RS .o R3 x 3,

where R3 is the manifold which is defined as an orthonormal space of relative distances between
bodies while S3 denotes the space of the rotation group SO(3). However in the problem under
consideration the connections between the bodies are not holonomic and consequently we must
change the representation for the configuration manifold: M :< RS.

Let us consider the region of localization of the dynamical system (further named the internal
space My):

b =||r|| € [0,00), 2*=]|R| €[0,00), 2®=|r+R| = \/(m1)2 — 2z'z? cos b + (22)% € L,

(7)
where 6 is the angle between the vectors r and R, which in the Jacobi coordinates system is the
scattering angle, in addition L = [z! — 22, 2! + 22]. The set of internal coordinatesis giving by:
{z} = (2!, 2%,2%) € M;. The rotation of a plane defined by body-triangle will be described by
the set of three external coordinates (z*, x5, 2%) € S?, where S} is a space of the rotation group
SO(3) in a neighborhood of interior points M;{(z!, 22, 23);} € M;. The subset of all interior
points M C M is represented as:

MthXS?

The set M\ M has zero measure. However, in some cases it can be important for the dynamics
of the classical three-body system.
So, we can define a local system of coordinates in which further studies will be carried out:

21,26 = {z} e M. (8)
Taking into account the well-known work of Krylov [11], we will study the motion of three-body

system on the hypersurface of potential energy (HPE) of bodies system. It is obvious that HPE
is the curved space the metric tensor of which is defined by the relations:

guw({z}) = g({a})dw, ¢ =g ({2})s", g({z}) =[E - U{z}))U5" >0, 9)
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where E and U({z}) = V(r) are the total energy and the total interaction potential of bodies
system respectively, ., is the Kronecker symbol and Uy = max ||U({z})|| denotes the maximal
depth of the potential. In the case when the potential depends on the relative distances between
the particles the metric tensor is equal: g, ({z}) = g, ({Z}).

Now, using the variational principle of Maupertuis we can derive the geodesic equations
[10, 12]:

i+ Tg,a087 =0, o, B,v=1,6, (10)

where #® = dr®/ds and ¥ = d?z®/ds?; in addition, s is a scalar parameter of motion (e.g. the
proper time), the Christoffel symbol: ng({w}) = %ga“((%gug +089yu — 0ugpy), Where Oy = 0o

Taking into account the definition for the metric tensor (9), from (10) we can find the following
system of equations describing geodesic flows on the potential energy hypersurface:

i = a{(#")? - 26: (82} + 20" {api® + azi®}, @' = ' {ard" + apd® + agi®},
HF#L, p=2

i? = ap{(3%)? - 26: ()2} +20*{asi® + ma'}, 3° = i*{mi' + api® + agi®},

u=1, p#2
6
P =ap{@®?2 - Y @)+ 20 mit +ai?}, i =i +api® +agit}, (1)
p=1, u#3
where g({Z}) = g11({z}) = ... = ges({Z}), in addition; a;({Z}) = —(1/2)0,: Ing({z}). In the
system (11), the last three equations are integrated exactly:
it =J,3/9({z}), Jyu—3 = const,_s, w=4,6. (12)

Note that Ji,Jo and Js are integrals of motion. They can be interpreted as projections
of the total angular momentum of three-body system J = /J? + J2+ J3 = const on the

corresponding axis.
Finally, substituting (12) into equations (11), we obtain the following system of a non-linear
second-order ordinary differential equations:

it = a({E){EH? - 1?2 - (@72 - [J/g{@Z)} + 20" {ax({2})3% + as({z})i* },
i = ax({TH{(%)? = (%) = (1) = J/g({zN]* } + 20*{as({2})d® + aa ({7})a' },
i = a3({z)){(@*)? - (@) = (@2 - [J/g{z)]*} + 2 {a({2))3" + ax({z})i?}.  (13)

Thus, the system of equations (13) describes the dynamics of an imaginary point with
the effective mass p9 on the Riemannian manifold: M = [{z} = (2!,22,23) € My; g;j =
(E —U({z}))Uy '6i; > 0], by taking into account the rotation of body-triangle. The system of
equations (13) can be represented as a system of six ODEs of the first order.

By taking into account (9) and (12), we can obtain the reduced Hamiltonian:

3
H({z: () = g ({ENp'p” = Sal@n{ 3@ + /9@ }. (14)
=1
Substituting (14) into Hamilton equations:
= g;{ pr= - (15)

and by making simple calculations we can get the system of geodesic equations (13).
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4. Transformation of 6D Euclidean space to the 6D conformal-Euclidean space

In deriving the system of equations (13), we have used some physical considerations that, from
the mathematical point of view, are insufficiently rigorous, to argue that the dynamical system
(13) is equivalent to the Newtonian problem of three-body. For a strict proof of the equivalence
of the approaches, we need to prove that there is one-to-one mapping between the two sets
of coordinates: p!,pb = {p} and x!,26 = {z}, in addition that is very important in result of
transformations 6D Euclidean space must pass into the conformal-Euclidean form.

Let us consider two spaces E6 = RS and M which satisfy the condition of one-to-one mapping;
% M. We will suppose that the Euclidean space ES is defined by the set of coordinates:
pt, p% = {p} and by the metric tensor v, ({p}), while the configuration space of an imaginary
point M is defined by the local coordinate frame: z!, 26 = {z} and by the metric tensor g, ({z}),
respectively. The linear infinitesimal element in both coordinate systems can be represented as:

ds® = v**({0})doados = gu ({x})da’dz", a, B, p,v=1,6, (16)

where the metric tensor g,,({z}) is defined as:

g ({7}) = ’YQ’B({Q})P%MPB;W Qo = 00a/0x". (17)

Since the tensor g, ({z}) is still defined in a rather arbitrary way, we can impose an additional
conditions on it. In particular, we will require that the metric tensor g,,(x) describes the
conformal-Euclidean space: g, (x) = g({})d. (see (9)). The latter means that the following
algebraic equations take place:

aﬁ({g})é’a;ugﬁ;u =g({z})0pum- (18)

As one can see, the system of algebraic equations (18) is underdetermined since it consists
of 21 equations while the number of unknown variables is 36. It is obvious that when these
equations are compatible, the system (18) has an infinite number of real and complex solutions.
These solutions form two different manifolds of the 15th order. For a classical problem real
solutions are important ones, therefore below we will investigate properties of the real manifold.
In a similar way, we can obtain the system of algebraic equations for inverse transformations:

Yas({0})g  ({Z}) = 22?50, at, = 0z [0p®. (19)

It is obvious that if there are direct transformations then there are inverse transformations too.
Let us introduce new notations:

Xp = Plip> Yu = P2p>  Zp = P3ip> Wy = Phps Vi = Psu, W = P6;u- (20)

Taking into account the fact that the tensor: g, ({Z}) still is an arbitrary one, we can require

fulfillment of the following conditions for its elements:

X4 =X5 =Xg = 0, V4 =y5 =y¢ =0, 74 = 25 = zg = 0,
U1:112:ll3:0, V1:V2=V3:0, W1:W2:W3:0. (21)

Using (6), (20) and conditions (21), from the equation (18) we can obtain two independent
systems of algebraic equations:

X1 + Y1 + 733Z% =g({z}), X1X2 + y1y2 + ’733 7129 = 0,
x2 +y2 +9%25 = g({z}),  xix3 4 yiys +7% 2123 =0,
X3 +y3 + 723 = g({z}), XoxX3 + yays + 7> 7923 = 0, (22)
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and correspondingly:

Y +7vE 4+ %%wT + 2(7 P wave + 7O uaws + 7 Cvawy)

744u§ + 755\1% + ’}/66W§ + 2(’y45u5V5 + v Ousws + 'y56V5W5)

Mg + 4°vE +0wg + 2(7Pugve + v O ugwe + v Cvews)

g({7}), asgug+asvs+agwy =0,
({z}), baus + bsvs + bgws = 0,
({Z}), caug + c5ve + cowe = 0.

(23)

g
g

In (23) a; = v"us +vPvs +v0ws, b = 194 +195ve + 170w and ¢ = Y*uy + vy + 0wy,
where ¢ = 4,6. Note that solutions of systems (22) and (23) form two different manifolds of
3rd order which are in one-to-one mapping with the hypersurface of the potential energy of
the three-body system. Recall that similar systems of algebraic equations can be obtained for
inverse transformations. It is easy to see that the coordinates defined by formulas (7) and (8) in
general case do not satisfy the conditions of transformations (22) and (23) and correspondingly
the system of equations (13), generally speaking, is not equivalent to the Newtonian three-body
problem. Nevertheless, starting from general considerations, we can prove that there exists a
such system of local coordinates. Apparently, the form of these coordinates can be determined
explicitly after study of equations properties (22)-(23). Finally, it is important to note that the
dynamical equations (13) conserve their previous form and only are changed dependence of the
potential from coordinates.

5. Conclusion

As it is shown, with the help of coordinates transformations the general three-body problem can
be formulated as a problem of geodesic flows on Riemannian manifold. In the framework of this
representation we derive an additional symmetry that allows to integrate an exactly the three
non-linear equations of the system containing six equations. In this way, the problem reduced
to the autonomous system of the 6th order. Despite the fact that the explicit form of the local
coordinate system in general case is not found, it can be proved that there is a class differentiable
functions which allow to realize the corresponding coordinate transformations and satisfy the
equations (22)-(23), that brings the metric tensor to the conformally-Euclidean form.

Finally it is important to note that the system of equations (13), with definitions of local
coordinates (7)-(8), in spite of its inequivalency to the Newtonian problem of three-body, is an
important model to study the different dynamical and statistical properties of classical three-
body system, and can be interesting for the construction of its quantum analogue.
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