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interval of integers. A graph G is interval colorable if it has an interval t-coloring for some
positive integer t. For an interval colorable graph G, W (G) denotes the greatest value of t for
which G has an interval t-coloring. It is known that the complete graph is interval colorable
if and only if the number of its vertices is even. However, the exact value of W (Ky,) is
Edge-coloring kqown only f(?r n < 4. The second author showed that if n = p;q, where p ig odd and
Interval edge-coloring q is nonnegative, then W(Ky;,) > 4n —2 —p — q. Lat'er. he conjectured that if n € N,
Complete graph then W(Ky,) = 4n — 2 — |log, n] — |Iny||, where ||n,|| is the number of 1’s in the binary
1-factorization representation of n.

In this paper we introduce a new technique to construct interval colorings of complete
graphs based on their 1-factorizations, which is used to disprove the conjecture, improve
lower and upper bounds on W (K5,) and determine its exact values forn < 12.

© 2016 Elsevier B.V. All rights reserved.
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1. Introduction

All graphs in this paper are finite, undirected, have no loops or multiple edges. Let V(G) and E(G) denote the sets of
vertices and edges of a graph G, respectively. For S C V(G), G[S] denotes the subgraph of G induced by S, thatis, V(G[S]) = S
and E (G[S]) consists of those edges of E (G) for which both ends are in S. For a graph G, A(G) denotes the maximum degree of
vertices in G. A graph G is r-regular if all its vertices have degree r. The set of edges M is called a matching if no two edges from
M are adjacent. A vertex v is covered by the matching M if it is incident to one of the edges of M. A matching M is a perfect
matching if it covers all the vertices of the graph G. The set of perfect matchings § = {F,, F», ..., F,} is a 1-factorization of G
if every edge of G belongs to exactly one of the perfect matchings in §. The set of integers {a, a+ 1, ..., b},a < b, is denoted
by [a, b]. The terms, notations and concepts that we do not define can be found in [14].

A proper edge-coloring of graph G is a coloring of the edges of G such that no two adjacent edges receive the same color.
The chromatic index x'(G) of a graph G is the minimum number of colors used in a proper edge-coloring of G. If « is a proper
edge-coloring of Gand v € V(G), then the spectrum of a vertex v, denoted by S (v, «), is the set of colors of edges incident to v.
By S(v, o) and S(v, @) we denote the smallest and largest colors of the spectrum, respectively. If « is a proper edge-coloring
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of G and H is a subgraph of G, then we can define a union and intersection of spectrums of the vertices of H:

SnH,a) = (1) S, a)

veV(H)
SoH, )= ] S, a).
veV(H)
A proper edge-coloring of a graph Gwith colors 1, 2, .. ., t is an interval t-coloring if all colors are used, and for any vertex

v of G, the set S(v, «) is an interval of consecutive integers. A graph G is interval colorable if it has an interval t-coloring for
some positive integer t. The set of interval colorable graphs is denoted by 91. For a graph G € 91, the least and the greatest
values of t for which G has an interval t-coloring are denoted by w(G) and W (G), respectively.

The concept of interval edge-coloring was introduced by Asratian and Kamalian [1]. In [1,2], they proved that if G is
interval colorable, then x'(G) = A(G). For regular graphs the converse is also true. Moreover, if G € 0 is regular, then
w(G) = A(G) and G has an interval t-coloring for every t, w(G) < t < W(G). For a complete graph K, Vizing [ 13] proved
that x'(K,,) = m — 1if mis even and x'(K,,) = m if m is odd. These results imply that the complete graph is interval
colorable if and only if the number of vertices is even. Moreover, w(K,,;) = 2n — 1, for any n € N. On the other hand, the
problem of determining the exact value of W (K3,) is open since 1990.

In [6] Kamalian proved the following upper bound on W (G):

Theorem 1. If G is a connected graph with at least two vertices and G € N, then W (G) < 2|V(G)| — 3.

This upper bound was improved by Giaro, Kubale, Malafiejski in [4]:

Theorem 2. If G is a connected graph with at least three vertices and G € N, then W (G) < 2|V(G)| — 4.

Improved upper bounds on W (G) are known for several classes of graphs, including triangle-free graphs [1,2], planar
graphs [3] and r-regular graphs with at least 2r + 2 vertices [7]. The exact value of the parameter W (G) is known for even
cycles, trees [5], complete bipartite graphs [5], Mobius ladders [ 10] and n-dimensional cubes [11,12]. This paper is focused
on investigation of W (K3,).

The first lower bound on W (K3,) was obtained by Kamalian in [6]:

Theorem 3. Foranyn € N, W(Ky,) > 2n — 1+ |log,(2n — 1)].
This bound was improved by the second author in [11]:

Theorem 4. Foranyn € N, W(Ky,) > 3n — 2.

In the same paper he also proved the following statement:

Theorem 5. Foranyn € N, W(Ky,) > 4n — 1+ W(Kyy).

By combining these two results he obtained an even better lower bound on W (K3,):

Theorem 6. If n = p29, wherepisodd, q € Z,, then W(Ky,;,) > 4n—2 —p —q.
In that paper the second author also posed the following conjecture:

Conjecture 1. If n = p29, wherepisodd, q € Z,, then W(Ky,) =4n—2 —p — q.

He verified this conjecture for n < 4, but the first author disproved it by constructing an interval 14-coloring of K¢ in [8].
In “Cycles and Colorings 2012” workshop the second author presented another conjecture on W (Kz,):

Conjecture 2. If n € N, then W (Ky,) = 4n— 2 — |log, n] — ||n, ||, where ||n, || is the number of 1's in the binary representation
of n.

In Section 2 we show that the problem of constructing an interval coloring of a complete graph K3, is equivalent to finding
a special 1-factorization of the same graph. In Section 3 we use this equivalence to improve the lower bounds of Theorems 4
and 5, and disprove Conjecture 2. Section 4 improves the upper bound of Theorem 2 for complete graphs. In Section 5 we
determine the exact values of W (K;,) for n < 12 and improve Theorem 6.

2. From interval colorings to 1-factorizations

Let the vertex set of a complete graph K3, be V (Kz;) = {uj, vi | i = 1, 2, ..., n}. For any fixed ordering of the vertices v =
(u1, vy, Uz, v, ..., Uy, v,) We denote by H‘[,"”, i < j, the subgraph of K;, induced by the vertices u;, v;, Uit1, Vit1, - . ., Uj, Vj.
Let§ = {Fq, F, ..., Fo_1} be a 1-factorization of K,,. For every F € § we define its left and right parts with respect to
the ordering of vertices v:
I,(F) =FNE (H")
ro(F) = FNE (H{*1M)
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Fig. 1. Interval 7-coloring of Kg and the corresponding 1-factorization § = {F;, Ff, F}, F§, F}.

Ifforsomei,1 <i<n—1F = If,(F) U rf,(F) then F is called an i-splitted perfect matching with respect to the ordering v.
In other words the edges of F do not cross the vertical line between the ith and (i+ 1)th pairs of vertices (F11 and Fl2 on Fig. 1).
Let o be any interval edge-coloring of K>,,. By renaming the vertices we can achieve the following inequalities:

S(uj, o) < S(vj, @) < Sy, ) <S(vgp, @), i=1,2,...,n—1

So every coloring o implies a special ordering of vertices v, = (u1, v1, U, va, ..., Uy, v,) for which these inequalities are
satisfied.

Now we fix the ordering v, and investigate some properties of the coloring «. First we show that the spectrums of the
vertices u; and v; are the same.

Remark 1. For every « interval edge-coloring of K, S (Kap, &) # . Otherwise it would contradict the upper bound in
Theorem 1.

Lemmal. If 1 <i < n,thenS(y;, @) = S(v;, @).

Proof. Remark 1 implies that if S(v;, ) — S(u;, ) > 0, then the edges colored by S(u;, &) form a perfect matching in the
subgraph Ky, [{uq, v1, Uz, v4, ..., u;}], which is impossible, as it has odd number of vertices. O

For the coloring o we define its shift vector in the following way:
sh(e) = (b1, b2, ..., bn1)
where b; = S(Uj+1, ) — Sy, @), i=1,2,...,n— 1.

By B; we denote the partial sums: By = 0 and B; = Z;:l bj,i=1,2,...,n—1.
The total shift of the coloring « is defined as follows:

n—1
Ish(a)] =By =) b
i=1

Remark 2. If ¢ is an interval t-coloring of K5, and sh(«) = (b, b, ..., by,—1),thent = 2n — 1 + |sh(x)|.

Remark 3. For every o« interval edge-coloring of K,,, the colors that appear in all vertices are Sn (K, ) =
[S(un, @), S(uy, )] = [Ish(@)| + 1,2n — 1] = {|sh(@)| +j [j=1,2,...,2n — 1 — |sh(a)]}

Foreveryi=1,2,...,n — 1, we define the following two sets of colors:
I (q) = [Sui, &), S(Wip1, ) =11 ={Bi1+jlj=1,2,..., b}, ifb; >0,
Vo - @, if bl' = O,
R (@) = [ @) + 1.5 o)) = (B +2n—14j1j=1.2..... b}, ifb >0,
Var ?, if b = 0.
Remark 4. If « is an interval t-coloring of K5, and sh(«) = (bq, bo, ..., b,_1), then
L, (@) C S (HI)", @) Ly, (@) NSy (HEF, o) = 0

R, () NSy (HM o) =0 R, (&) CSn(HE, ).

By Ci(«) we denote the edges colored by the color k: Cy(ar) = {e € E(Kzn) | ae(e) = k}.
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Lemma 2 (Equivalence Lemma). The following two statements are equivalent:

(a) there exists « interval edge-coloring of Ko, such that sh(«) = (b1, by, ..., by_1),

(b) there exist v ordering of vertices and § = [Fjo li=1,2,....,.2n—1=Y 1] ,»} u UL {F’ i=1,2,....b}
1-factorization of K, such that Fj‘ is i-splitted with respect to the orderingv,i=1,2,...,n—1,j=1,2,..., b, b; € Z.

Proof. Throughout the proof we will use B; as a shorthand for Z}Zl bj,i=0,1,...,n—1.

(a) => (b). Let « be an interval t-coloring of K5, such that sh(«) = (by, by, ..., by_1). We choose the ordering v,, and

construct the 1-factorization § of Ky,.

According to Remark 3, there exist 2n — 1 — |sh(«)| colors that appear in the spectrums of all the vertices. By
definition, |sh(x)| = Z}:ll b;, so we take Fj0 = Csh(a)+j(e), foreveryj=1,2,...,2n — 1 — [sh(a)|.

Foreveryi = 1,2,...,n — 1, Remark 4 implies there exist |Lf,a (a)| = b; distinct colors that appear only in the
spectrums of the first i pairs of vertices and another |R{,a (a)| = b; distinct colors that appear only in the spectrums
of the remaining 2n — 2i vertices. We take sz’ = Cp_,4j() U CB,‘,1+42n71+j(a)'v foreveryi = 1,2,...,n— 1and
j = 1,2,..., b;. Note that the edges colored by the colors from L:,a (@) U R;H (a) do not cross the vertical line

between the ith and (i 4+ 1)th pairs of vertices (Ff and F]2 on Fig. 1), so F; is i-splitted with respect to the ordering
v, for all permitted j.
(b)=>(a). Suppose § = {F’ |j=1,2,...,2n—1—|sh(e)|} U Ui {F’ j=1,2,...,b;} is a 1-factorization of Ky,

with the property that F; is i—splitted perfect matching with respect to the ordermgv = (Uy, V1, U, Vo, ..., Uy, V),
i=1,2,...,n—1,j=1,2,..., b.. We construct « interval edge-coloring of K;, in the following way:

a(e) =Bi_1+j ifecl(F)i=12,....n—1,j=1,2,....b

a(e) =Bp_q1 +j 1feeF0]_12 L, 2n—1—B,_;

a(e) =Bi_1+2n—1+4] 1feer(F)1_1 2 .,n—1,j=1,2,...,b;.

The fact that ij is i-splitted with respect to the ordering v implies that every edge of K;, has received a color. The
vertex u; (also v;) is covered by all perfect matchings Fjo,j = 1,2,...,2n — 1 — B,_4, by the left parts of the

matchings Ff, i =i,i+1,...,n— 1, and by the right parts of the matchings Fj"/, i"=1,2,...,i— 1, forevery
j=1,2,..., by.So the spectrum is:

-1
S(uj, @) = S(vj, ) = U{Bi’—l +ilji=1,2,...,by}
u{lB_nl_1 +jli=1,2,....,2n—1—By_1}
UU{B,-/4+2n—1+j|j= 1,2,...,by}
=1
=,[B,-_1 +1,B,1]U[By—1+1,2n—1]U[2n,Bi_1 + 2n — 1]
=[Bi.1+1,Bi_1 +2n—1].

This proves that « is an interval (B,—1 + 2n — 1)-coloring of K5,. To complete the proof of the lemma we need to
check the shift vector of the coloring «. Note that for everyi = 1,2, ..., n — 1, we have S(u;y1, o) — S(uj, o) =
B; — Bi_1 = b;. This shows that the ordering v,, coincides with the ordering vand sh(«) = (b1, by, ..., by_1). O

Remark 5. Some of the matchings F? constructed in the first part of the proof of Equivalence lemma may be splitted perfect
matchings as well, but for each of them both their left and right parts have the same color in the coloring «. For example, in
case |sh(w)] =0, F a(u1v1) = Cy(uyvp) () is 1-splitted perfect matching with respect to the ordering v,.

Corollary 1. Forany n € N, Ky, has an interval t-coloring if and only if it has a 1-factorization, where at least t — 2n + 1 perfect
matchings are splitted.

Proof. Construction of the desired 1-factorization from the interval t-coloring immediately follows from Remark 2 and
Equivalence lemma. Remark 5 implies that the number of the splitted perfect matchings in the obtained 1-factorization can
be more thant — 2n 4 1.

If we have a 1-factorization of K5, with at least t — 2n + 1 splitted perfect matchings we can arbitrarily choose exactly
t — 2n + 1 of them, then for each of them choose the i for which it is i-splitted (the same perfect matching can be both
i-splitted and i'-splitted for distinct i and 7', the choice is again arbitrary) and apply Equivalence lemma. So, the corresponding
coloring may not be uniquely determined. O



H.H. Khachatrian, P.A. Petrosyan / Discrete Mathematics 339 (2016) 2249-2262 2253

T =<

K,O0K, Ky X Ky
Fig. 2. Two spanning regular subgraphs of Kg.

This corollary shows that finding an interval edge-coloring of K, with many colors is equivalent to finding a
1-factorization with many splitted perfect matchings with respect to some ordering of vertices. For the ordering v we can
define the maximum number of splitted perfect matchings over all 1-factorizations of K,,. Because of the symmetry of
complete graph this number does not actually depend on the chosen ordering v, so we denote it by oy,.

Theorem 7 (Equivalence Theorem). Foreveryn € N, W (Ky,;,) = 2n — 1 4 oy,

3. Lower bounds

In order to obtain new lower bounds on W (K5,) we split K;, into two edge-disjoint spanning regular subgraphs, find
convenient 1-factorizations for each of them, and then apply Equivalence theorem for the union of these 1-factorizations.

We fix the ordering of vertices of K5,,, v = (u1, vy, Uz, va, ..., Uy, v,), and define two spanning regular subgraphs of Ky,
K>OK, and K, x K, (Fig. 2):

V(KOK,) = V(K x Ky) = V(Kap)
E(GOKy) = {uyy |1 <i<j<n}Uf{uy |1 <i<n}U{yy |1 <i<j=<n}
E(Ky x Kp) = {wvj | 1 <i#j<n}

Note that E(K;,) = E(K>,OK,) U E(K; x K,). We fix an ordering of vertices v = (uq, vy, Uy, v, ..., Uy, v,) and define a

special 1-factorization of K,OK,, which we denote by 3,:
Bn = {Po, P1, ..., Ph_1}, where

n
{ujun+1_j, Vivnyi—j |J=1,2,..., 5} if nis even
n
{ujum,j, Vst [i= 1,2, ..., b” Uftapva}, ifnis odd,

2

Py =

Foreveryi=1,2,...,n—1,P; = I, (P;) Uri(P,), (see Fig. 3) where

i
Uillip1—j, ViVig1—j | =1,2,..., } if i is even
i 2
L(P) = ,.
Ujlli41—j, VjViy1—j |] = 1, 2, P \\ZJ} U {U# UH—TI}’ if i is odd
, n—i . .
UipjlUnpi—js VigjUng1—j | J=1,2, ..., } ifn —iiseven
i 2
ry(P) = n—i
UitjUn+1—js VitjUnt1—j |] =12,..., \‘ J } 0] {u n+£'+1 vn+§+1 }, ifn —iisodd.
P; is clearly an i-splitted perfect matching, for everyi = 1, 2, ..., n— 1. Note, that K, x Kj, is a regular bipartite graph, so

Konig’s theorem [9] implies it has a 1-factorization. If we consider the perfect matchings of any 1-factorization of K; x K, as
non-splitted matchings and add the perfect matchings of ‘B, we obtain that o;, > n — 1. Equivalence theorem implies that
this result is equivalent to Theorem 4.

In order to improve this bound we concentrate on finding a better 1-factorization of K, x K.

Lemma 3. If n > 2, theno, > [1.5n] — 2.

Proof. We fix an ordering of vertices v = (uy, vy, Uy, v, ..., Uy, v,) and consider two induced subgraphs:
G] = Kz X Kn [{U], U1, Uy, VU, ..., UL%J’ UL%J }]

GZ = K2 X Kn I:[UL%J_F]’ UL%J+1’ UL%J‘FZ’ UL%J‘*‘Z’ ceey Up, Un}:l .
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Po Py

P, P

Fig. 3. 1-factorization B¢ of KrOKs.

Both subgraphs are regular and bipartite, so according to the Konig’s theorem [9] they have 1-factorizations. Let the

1-factorizations of G, and G, be F!, Fl, ..., FEHJ% and F{, F;. ..., F[u,_,, respectively. By joining the first | 5] — 1 pairs
2 2

of these matchings we form L%J -splitted perfect matchings of K, x K, with respect to the ordering v:

n
F=FUF foralli=1,2, ..., bJ ~1.

If we remove the edges UE]J - F; from the graph K, x K, the remaining graph is still a regular bipartite graph and
has a 1-factorization, which we denote by . Now, Fo U UILZIJ ! F; U B, is a 1-factorization of K;,. The number of splitted
matchingsis | 5] — 1+ n— 1.Sowe haveo, > [1.5n] —2. O

By applying Equivalence theorem we obtain the following lower bound:

Theorem 8. If n > 2, then W (K3,) > |3.5n] — 3.

This theorem implies that W (K1) > 14 which is the smallest example that disproves Conjecture 1. Next we focus on the
case when n is a composite number.

Lemma4. Foranym,n € N, oy > 0 + 0 +2(m — D(n — 1).
Proof. Let the vertex sets of Kymn, Kz, and Ky, be as follows:
V (Kamn) = {uf,i,v}' li=1,2,....n j= 1,2,...,m}
VKy) = {u;, v |i=1,2,...,n}

~io~i

V(Gm) = {01,?' [i=1,2,...,m}.

We fix the following orderings of vertices of K>y, Ko, and Ky, respectively:

_ 1 1 1 1 1 1 2 .2 .2 2 2 2 m .m .m _m m ,m
v=(uj, v, U3, vy, ..., Uy, U, UL VT US, VS, L U op U VT g O L o)
V= (ﬂh U1, U, Vg, ..., Uy, vn)
V=@ 0B, T
LetF = {N1,Na, ..., No,, NO,ND, ..., Ngn_l_Gn} be a 1-factorization of K»,, where N;,i = 1, 2, .. ., 0, are splitted perfect
matchings. Let § = {My, My, ..., Mo, M, M3, ..., M3, }be a 1-factorization of Kom, where M, i = 1,2, ..., oy are
splitted perfect matchings.
We also need the graph K,OK>,, with the vertex set {w;,z |i=1,2,...,2m}, an ordering of its vertices w =
(w1, 21, W2, 22, . . ., Wom, Zom), and its 1-factorization B, = {Po, Py, .. ., Po;m—_1} as defined at the beginning of this section.

We call the subgraph Ko OKym [{wak—1, Wak, Zak—1, Zak}] kth cell of K;0Kom, 1 < k < m.

During the proof we always assume thatx,y € {u,v},1 <s,t <nand1<p,q <m.

Let @ be a mapping which projects the edges of Ky, to the edges of K,. For every edge xy7 € E(Kymn), Where x; # yt,
we define @(xYy!) = X,y,. Next we define a mapping ¢ which projects the remaining edges of Ko, to the edges of Ky,,. For
every edge xX0x! € E(Kymn) we define @ (x2x7) = XPX1. Note that the preimages @' (¢) for all e € E(Ky,) and ¢~ (x"X7) for
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Fig. 4. Several perfect matchings of Kis constructed based on 1-factorizations § = {Ny, No, N%, N9, N9} of Ks, 3 = (M1, M, M9, M2, MJ} of Ks and
PBe = {Po. P1, P2, P3, P4, Ps} of K;OKs using Lemma 4.

all X’X? € E(K,y,) are pairwise disjoint and their union covers the set E(Kyn,). We split the edge set E(K,m,) into three parts
the following way:

E(Komn) = E' UE?2 U E?, where
E=JU?'®
i=1 eeN;

2n—1—op

= J Uv'®
i=2

=2 ZeN?

E3

Ue'eu |J '@,

zeN? RPXIEE (Kom)

The 1-factorization of K,;; we are going to construct is denoted by § and also consists of three parts.
F=3'UFUF.
The set of perfect matchings 3 covers the set EX, k = 1, 2, 3. Fig. 4 displays example perfect matchings for each of the
partsincasem =n = 3.
The set E! contains the preimages of splitted perfect matchings of K,,. To cover it, for every splitted perfect matching

Ni €3, i=1,2,..., 0, and for every perfect matching with an odd index Pyiv1 € Pom,j =0, 1,...,m— 1, we construct
one perfect matching of §'.

1 _ gl 1 1 1
Fij=F;j1 UFj, UFj3 UF,, where
1 kik |5
Fija= U {Xsyt | Xsy; € I(Ni)}
Wok—122k—1€P2j4+1
1<k<m
1 k k|5 =
Fij,= U Xyt 1 X5, e r(N) }
wokZ2kEPj+1
1<k<m
1 _ kol kol | 3w .
FiJ~3 - U {Xsytvytxs | X5y, € I(Nl)}
Wok—1wW2[—1€P2j41
1<k<Il<m
1 kol k155
Fija= U {Xsyt’ytxs | Xy, € r(Ni)}
"’2’(7"ZI€P2j+1
1<k<I<m

§'={Fili=12...,00j=01...,m—1}.
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For F ij1 and F, ” ,» we look for vertical edges in Pyj+. If for some k, the vertical edge of the left (right) part of the kth cell
belongs to P51, we add the preimages of all edges of [(N;) (r(N;)) in the kth copy of Kz, in Koy to Filj . (Fllj ,)- Every matching
P, 1 contains exactly two vertical edges (wj;1Zj+1 and wjym+1Zj+m+1). If mis odd, then one of these two belongs to the left

part of its cell, and the other one belongs to the right part of its cell. If m is even, then if j is odd (even), both vertical edges
belong to the right (left) parts of the cells. So, the number of edges in Fi?jﬂ and Fi}j,z can be calculated the following way:

| u1| = |I(Ny)| ((mmod 2) - 14 (1 —m mod 2) - 2(1 —j mod 2))

Fliol = [r(N)| ((mmod 2) - 1+ (1 —m mod 2) - 2(j mod 2)).

For F 103 (F! ,] 4) we are looking for edges joining left side (right side) vertices of two different cells in Py;,;. If m is odd,
then there are T such edges. If m is even, then there are % — (1 —j mod 2) (in case of Fllj 4 '2" (j mod 2)) such edges.
For every such edge which joins the kth and Ith cells (k < [) we add the preimages of all edges in [(N;) (r(N;)) which join

the vertices in kth and Ith copies of K3, in I(zm,., to F, i3 (F,]] 4)- Note that for every chosen edge from P, 4, every edge in [(N;)

(r(N;)) has exactly 2 preimages in F” 3 (F! i 4)- SO we have:

|”3|_2|I(Ni)|<(mmod2) T+(1—mmodz) (g—(l—jmodZ)))

|F114| = 2|r(Ny)| <(m mod 2) - T + (1—mmod 2) - <5 — (j mod 2)))

The construction of F;; 1 1mp11es that it is a matching in K;,,. To prove that it is also a perfect matching, we need to show
that it has exactly mn edges

IFjl = IFS ]+ IF )+ IR 5]+ IF 4l
= [I(Ny)| ((mmod 2)(1+m — 1) + (1 —m mod 2) (2(1 —j mod 2) + m — 2(1 — j mod 2)))
+ [r(N)| ((mmod 2)(1+m—1) + (1 — m mod 2) (2(j mod 2) + m — 2(j mod 2)))
= ([I(N)| + [r(N)]) ((n mod 2) - m + (1 — m mod 2) - m) = nm.

The matchings F‘ and F1 j are disjoint if i =£ i’ or j # j/, as their edges correspond to either different edges in K, or to
different edges in I<2|:|K2m Also note that, if N; is an r-splitted matching for v, then Fi?j is (jn 4+ r)-splitted matching for v, for
everyi=1,2,...,0p,andj=0,1,...,m— 1.

The set E? contains the preimages of all but one non-splitted perfect matchings. To cover it, for every non-splitted perfect
matching Ni0 € § except N? (the choice of this exception is arbitrary) and for every perfect matching with an even index
Pyj € Pom We construct one perfect matching of F2.

2 2
F =F; i

2 k== 0
Fly = U {xs‘yt | %y, € N}

wok—1wkEP);
1<k<m

U F?

ij2» where

2 kol k|55 0
Fj.= U {XsJ’thth | Xy: € N; }
wok—1 w2 EPy;
1<k<l<m

={F;1i=2,3,....2n—1—0,,j=0,1,....,m—1}.

The matchings P,; have only horizontal edges. We look for those edges which join a vertex from the left part of a cell to a
vertex from the right part of a (possibly different) cell. If both endpoints of an edge belong to the same kth cell, we add the
preimages of all edges of N,-0 which belong to the kth copy of K»,, in Ko, to the set F2 ;- The number of such edges in Py; is 1
if m is odd and 2(j mod 2) if m is even. So we have:

|FJ]|_n((mmod2) 1+ (1—mmod2)-2( mod 2)).

If the edge of P,; joins vertices of kth and Ith cells (k < ) then we add both preimages of all edges of N,-0 which join the

vertices of kth and Ith copies of K5, in Ky to Fu ,. The number of such edges in P; is '"Tq if mis odd, and % — (j mod 2) if
m is even. So,

IF 12|_2n<(mmod2) 7+(1—mmod2) (g—(jmodZ))>

| |—|F]l|+|112|
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=n((mmod2)(1+m—1)+ (1 —m mod 2)(2(¢ mod 2) + m — 2(j mod 2)))

=n((mmod 2) -m+ (1 —m mod 2) - m) = nm.

Similar to the matchings in §!, the matchings F2 and F?  are disjoint if i # i orj # j. Note that for every i =

2,3,...,2n—1— oy, Ffj is jn-splitted perfect matchmg forvforeveryj = 1,2,...,m — 1, and is a non-splitted perfect
matching if j = 0.

The set E3 contains the preimages of the edges of the non-splitted perfect matching Nf of K, and the preimages of all
edges of Ko [{U', U2, ..., U™} 1 UKo {7, 7%, ..., D™}]. The preimages of the edges of K,,, form 2n disjoint complete graphs
on m vertices, namely szn [{xS , xf, ... ] for every x; € V(Ky,). For every edge x.y, € N?, its preimages together with
the two copies of K;;, corresponding to the vertices X; and y, form the subgraph Ky [{x; , y}, x?, y?, . X3y ] which is
isomorphic to Ky,. So, the set E3 consists of n disjoint copies of K,,. For every perfect matching M e 3 we construct one
perfect matching in Ky, by joining its n disjoint copies in E>:

F3 = U {{xPx3 | TPU7 € M} U {xBy] | UPY7 € M} U {yly! | 0707 € Mi}}
}SYIGN?

iy
)
Il

U {{xPx3 | PU7 € MP} U (xBy] | UPT7 € MUY U {yly! | 0P € MY}
XJ&EN?
F={Fli=12,...,onfU{F?li=12,....2m—1—0p}.

The sets F? and F/? are pairwise disjoint matchings having mn edges each. Note that if M; is r-splitted perfect matching
for v, then Ff is rn-splitted perfect matching forv,i = 1, 2, ..., o,,. Moreover, the perfect matchings FP are not splitted,
i=1,2,....,2m—1— op.

The number of the constructed perfect matchings in § is mo, + m(2n — 2 — 0,,) + 2m — 1 = 2mn — 1. Out of these the
number of splitted perfect matchings is mo, + (m — 1)(2n — 2 — 0,) + o = oy + 0, + 2(m — 1)(n — 1). This completes
the proof. O

By applying Equivalence theorem we obtain the following lower bound, which is a generalization of Theorem 5:

Theorem 9. Forany m,n € N, W (Kyin) > W(Kom) + W(Kzp) +4(m—1)(n—1) — 1.

We know that W(Ks) = 7 and W(Ky9) > 14. The above theorem implies that W (K3g) > 52. This result disproves
Conjecture 2 which predicted that W (K5p) = 51. But this is not the smallest case that contradicts the conjecture as we will
see in Section 5.

Corollary 2. If n =[], p;", where p; is the ith prime number, o; € Z., then

oo
W(Kzn) = 4n—3 = Y o (4pi — 3 — W(Kyyp,)) -

i=1

Proof. Let d,, denote the difference W (K>,,) — (4m — 3). Theorem 9 states that dp, > d, + d. By induction we get
dy > >, aidp,. We complete the proof by replacing dy, by its value. [

4. Upper bounds

Let o be an arbitrary interval edge-coloring of K5, n € N, and v, = (uy, v1, Uy, va, ..., Uy, U,) be its corresponding
ordering of vertices. Let the shift vector of « be sh(«) = (b, bz, e, b ]) Equivalence lemma implies that there exists

a 1-factorization of Ky, § = {Fjo li=1,2,....,2n=1=Y"" b } U U {F' j=1,2,..., b}, such that Fji is i-splitted
with respect to the ordering vy, i = 1,2,...,n—1,j =1, 2, ..., b;. Wherever we have an interval coloring « of a complete
graph in the proofs of this section we will always assume that the corresponding ordering of vertices v, and 1-factorization
§ is given.

To improve the upper bounds on W (K3,) we need several lemmas.

Lemma 5. If for some interval edge-coloring « of Ku,, sh(a) = (by, by, ..., by—1), then there exists interval edge-coloring B of
Koy, such that sh(B) = (by_1, by_2, ..., by).

Proof. Note that if some F € F is i-splitted with respect to v,, then it is (n — i)-splitted with respect to the ordering

v, = (un, Un, Up_1, Un_1, ..., U1, V7). We use Equivalence lemma to construct a coloring 8 from § with respect to the

ordering v,. Its shift vector is (bp—_1, by—2, ..., b1). O
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Lemma 6. If for some interval edge-coloring « of K5, sh(a) = (bq, bo, ..., by_1), where b; > Ofor somei € [1,n — 1], then
there exists interval edge-coloring 8 of Ky, such that sh(8) = (by, b, ..., bi_1,bi — 1, biy1, ..., by_1).

Proof. The condition b; > 0 implies that there exists a perfect matching F; ! ¢ ¥ which is i- splltted with respect to the
ordering v,,. We construct the coloring 8 by applying Equ1valence lemma to the 1-factorization § by regarding the perfect

matching F’, as a non-splitted one (we can rename it to an |Sh(a)|) a
Lemma 7. If sh(«) = (by, b,, ..., by,_1) for some interval edge-coloring « of Ky, then

k
Zb,-fzk—], foreveryk=1,2,...,n—1.
i=1

Proof. According to the proof of Equivalence lemma, the left parts of the perfect matchings Fji cover the vertex u; (and vy),
i=1,2,...,kj=1,2,...,b;. Moreover,

UU!’ F) C E(HMM).

i=1 j=1

To complete the proof we note that the number of the perfect matchings Fji is ZL b; and the degree of the vertex u; (or vq)
inH!Mis2k — 1. O
We will call the vector (by, by, ..., by) saturated if Zf‘zl b =2k — 1.

Corollary 3. If « is an interval edge-coloring of Ky, n > 3, then |sh(a)| < 2n — 4.

Proof. Let sh(a) = (by, by, ..., bp—1). Lemma 7 implies that Z:’;Z b; < 2n — 5. The same lemma in conjunction with
Lemma 5 implies that b,_; < 1. By summing these two inequalities we complete the proof. O

Lemma 8. If sh(a) = (b, by, ..., by_1) for some interval edge-coloring « of K, and (bq, by, . .., by) is saturated for some
ke[2,n—2] thenbyiq < 1.

Proof. Lemma 7 implies that b,;; < 2. To complete the proof we need to show that by,1; # 2. Suppose the contrary,
bry1 = 2. (b1, by, ..., by) is saturated, so the proof of Lemma 7 implies that the edges ux; and vix;, x € {u, v},
i =2,3,...,k belong to the perfect matchings F/,i = 1,2,...,k j = 1,2,..., b;. Similarly, the edges u 1, U141,
v1tl11 and v1viy; must be covered by F¥t! and FXT, '

Now we look at the vertex u,. It is covered by the left parts of the perfect matchings Fj’ i=2,3,...,kj=1,2,...,bs
In total these matchings cover all but 2k — 1 — Zf;z b; = by edges incident to u; in the subgraph H‘l,l’kl. Lemma 7 implies
that by < 1, so at most one edge is left uncovered. The vertex u, must be covered by the left parts of F{‘“ and Fé‘“ as well.

The edges u,uy41 and u,vi1 cannot be used as the vertices uy,1 and vy are already covered by F{‘“ and Ff“. Therefore,
at most one edge remains for these two matchings, which is a contradiction. O

Corollary 4. If « is an interval edge-coloring of Ky, n > 5, then |sh(a)| <2n-—>5.
Proof. Let sh(a) = (by, by, ..., by_1). Lemma 7 implies that Z, 1 b < 2n — 7. We consider two cases.

Case 1: Z?j b; = 2n — 7. Lemma 8 implies that b,_, < 1. Lemmas 5 and 7 imply that b,_; < 1. The sum of these
inequalities proves the required bound.
Case 2: Z?:_f b; < 2n — 8. Lemmas 5 and 7 imply that b,,_» + b,_1 < 3. The sum of these inequalities completes the

proof. O
Lemma9. If sh(a) = (by, by, ..., by_1) for some interval edge-coloring o of Ky, and (by, ba, ..., by) is saturated for some
k € [3,n— 1], then b, > 3.
Proof. Suppose the contrary, by < 2.If by = 2, then the vector (by, b,, ..., by_1) is also saturated, and we obtain

contradiction with Lemma 8. If b, < 1, then we have Zf;] b; > 2k — 2 which contradicts Lemma 7. 0O

Lemma 10. If sh(a) = (by, bo, ..., by_1) for some interval edge-coloring « of K, and k € [2, n — 2], then
k min{2k—1,n—1}
k2k—1) = > i+ > (k—ib;
i=1 i=k+1

Proof. We consider the subgraph H,[,l’k]. The number of edges in the subgraph is k(2k — 1). The left part of each of the perfect
matchings Fli=1,2,..., k,j=1,2,...,b;, consists of i edges, and all of them belong to the subgraph H‘[,i’k]. The number
of such edges is 3"~_, ib;.
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Table 1

The values of m(k,r). The first row of each of the cells dis-
plays the value of m(k, r). The second row contains some vector
(by, by, ..., by) € Ty for which fo:] ib; = m(k, r).

r k
1 2 3 4
0 0 0 0 0
(0) (0,0) (0,0,0) (0,0,0,0)
1 1 1 1 1
(1) (1,0) (1,0,0) (1,0,0,0)
2 3 3 3
(1, 1) (1,1,0) (1,1,0,0)
3 5 5 5
(1,2) (1,2,0) (1,2,0,0)
4 8 8
(1,2, 1) (1,2,1,0)
5 12 12
(1,1,3) (1,2,1,1)
6 16
(1,2,1,2)
7 20
(1,2,1,3)

Now we fix ani € [k + 1, r], where r denotes min{2k — 1, n — 1}. The left part of each of the perfect matchings FJ’
j=1,2,...,b;, consists of i edges. At most 2i — 2k of them can join some vertex from H‘[,l’k] with some vertex from H,[,EH’“.
So at least 2k — i edges belong to the subgraph H‘[,l‘k]. The number of such edges is at least ZLH] @k —1ib;. O

Lemma 10 implies that if for some fixed kg there are many i-splitted perfect matchings where i < kg, then there cannot
be too many i’-splitted perfect matchings where kg < i’ < min{2ky — 1, n — 1}. In order to use this lemma we need to

bound the sum fozl ib; from below.
For the numbers k € Nand r € Z we define the following:

Ty = {(b1, ba, ..., by) |  interval coloring of K>,,, n > k, sh(«) = (b1, b, ..., by_1)}

k k
m(k,r) = min ib; | bij=r¢.
(b1.b3.....b) T {; ' ; '

Note that m(k, r) is not defined for all pairs (k, r). For example, Lemma 7 implies that there are no interval colorings of K5,
for which Zf;l b; = rifr > 2k. It is obvious that m(1, 1) = 1and m(k,0) = 0,k € N.

Remark 6. In order to calculate m(k, r), k > 1,r > 1, itis sufficient to take the minimum over those (b1, by, ..., by) € Ty
for which 35" ib; = m(k — 1,1 — by).

Table 1 lists the values of m(k, r) for k < 4and r < 7. For example, m(3, 5) is calculated as follows. According to the
above remark the possible candidate vectors from T3 are (1, 2, 2), (1, 1, 3), (1,0, 4) and (0, 0, 5). Lemma 8 implies that
(1,2, 2) ¢ Ts. The coloring of K1, in Fig. 5 proves that (1, 1, 3) € Ts. On the other hand, sum b; + 2b, + 3bs is larger for
the other two candidate vectors, so m(3,5) = 12. Similarly we show that m(4, 7) = 20 and the minimum is achieved on
the vector (1, 2, 1, 3), which clearly belongs to T, as illustrated in the coloring of K5, in Fig. 6. By applying Lemma 6 to these
two colorings we prove that all the other vectors listed in the Table 1 belong to the corresponding Tj's.

Lemma 11. If « is an interval edge-coloring of Ky, n > 9, then |sh(a)| < 2n — 6.
Proof. Suppose the contrary, [sh(a)| > 2n — 5. Lemmas 5 and 7 imply that Zf;sl b; < 2n — 11. We consider three cases.

Case 1: Z?:_; b; = 2n — 11. Lemmas 5, 8 and 9 imply that bs > 3 and by < 1. We apply Lemma 7 for k = 3 to show that
b1+ by, + b3 = 5 and by = 1. Then we apply Lemma 10 for k = 3. The left part of the inequality is 15. On the right
side we have Z?:1 ib; > m(3,5) = 12 and Z?:4(6 — i)b; > 5. These inequalities contradict Lemma 10.

Case 2: Z?:_; b; = 2n — 12. Lemma 7 implies that (bq, by, b3, bs) is saturated. Lemma 8 implies that bs < 1. Therefore,
(bp_1, by_a, ..., bg) is saturated and bs = 1. Lemma 9 implies that b > 3. Now we apply Lemma 10 for k = 4.
The left part of the inequality is 28. On the right side, Zf:] ib; > m(4,7) = 20 and 21'7:5 (8 —i)b; = 9. These
inequalities contradict Lemma 10.

Case 3: Z?;Sl bi < 2n — 13. Lemma 7 implies that Zf;l bi < 7. By summing these two inequalities we obtain a
contradiction. O
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Fig. 5. Interval 16-coloring of Ky, with a shift vector (1, 1, 3, 0, 0).

Corollaries 3, 4, Lemma 11 and Remark 2 imply the following upper bound on W (Ks,,).

Theorem 10. If n > 3, then

4n —5, ifn>3,
W(Kyp) < 14n—6, if n>>5,
4n -7, ifn=09.

5. More exact values and an improved lower bound

The lower bound on W (K;,) from Corollary 2 depends on the values W (K»,) where p is a prime number. For p = 2 and
p = 3 the exact values of W (K,,) were known before [11]. For p = 5 the lower bound from Theorem 8 coincides with the
upper bound from Theorem 10. The case p = 7 is resolved by the lemma below. Finally, for the case p = 11, the upper bound
from Theorem 10 is achieved by the interval 37-coloring of K»; shown in Fig. 6. This coloring also rejects Conjecture 2, which
predicts that W (K,;) = 36.

Lemma 12. W (Ky4) = 21.

Proof. Theorem 10 implies that W (Ky4) < 22. It is sufficient to show that K;4 does not have an interval coloring with 22
colors. Suppose the contrary, there exists « interval 22-coloring of K4.

Consider its shift vector sh(«) = (by, by, bs, ba, bs, bg). From Remark 2 we have that 2?21 b; = 9. Lemma 7 implies that
the sums of both first and last triples cannot exceed 5. Without loss of generality we can assume that by + b, + b3 = 5 and
by + bs + bg = 4. Lemma 8 implies that by < 1. Lemmas 5 and 7 imply that bs + b = 3and by = 1.So bs > 2.

Now we check the inequality from Lemma 10 for k = 3. The left part equals 15. On the right part we have Zle ib; >

m(3,5) = 12, Zf:4(6 — i)b; > 4. By summing these two inequalities we get a contradiction. O

The best lower bound we could obtain is the following.

Theorem 11. If n = [[°, p;", where p; is the ith prime number and o; € Z.., then

1 o0
W(Kon) > 4n =3 — oy — 20 — 35 — dotg — dts — - > aipi+1).
i=6
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Fig. 6. Interval 37-coloring of K5, with a shift vector (1,2, 1,3, 1, 1,3, 1,2, 1).

Table 2
Bounds on W (K>;): The first row lists the lower bounds from Theorem 11, the second row lists the known exact values and the third row lists the upper
bounds from Theorem 10.

n 1 2 3 4 5 6 7 8 9 10 11 2 13 14 15 16 17 18
Wky)> 1 4 7 11 14 18 21 26 29 33 37 41 42 46 52 57 56 64
Wp)= 1 4 7 1 14 18 21 26 29 33 37 41 57

Wiy < 1 4 7 11 14 18 22 26 29 33 37 41 45 49 53 57 61 65

Proof. To prove the bound we take the bound from Corollary 2, set the exact values of W (Ky,,) for the first five prime
numbers and use Theorem 8 to bound W (Kyp,) for i > 6, taking into account that all prime numbers except 2 are odd. O

Table 2 lists obtained lower and upper bounds on W (K5,) and all known exact values for n < 18.
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