Discrete Applied Mathematics 258 (2019) 87-96

Contents lists available at ScienceDirect

Discrete Applied Mathematics

journal homepage: www.elsevier.com/locate/dam

L))

Check for
updates

Sufficient conditions for Hamiltonian cycles in bipartite
digraphs

Samvel Kh. Darbinyan

Institute for Informatics and Automation Problems, Armenian National Academy of Sciences, Armenia

ARTICLE INFO ABSTRACT
Article history: We prove two sufficient conditions for Hamiltonian cycles in balanced bipartite digraphs.
Received 1 March 2018 Let D be a strongly connected balanced bipartite digraph of order 2a. Then:
Received in revised form 3 November 2018 (i) Ifa > 4 and max{d(x), d(y)} > 2a — 1 for every pair of vertices {x, y} with a common
Accepted 19 November 2018 out-neighbour, then either D is Hamiltonian or D is isomorphic to a certain digraph of order
Available online 17 December 2018 . . .

eight which we specify.
Keywords: (ii) Ifa > 4 and d(x) 4+ d(y) > 4a — 3 for every pair of vertices {x, y} with a common
Hamiltonian cycles out-neighbour, then D is Hamiltonian.
Bipartite digraphs The first result improves a theorem of Wang and the second result, in particular,
Perfect matching establishes a conjecture due to Bang-Jensen, Gutin and Li for strongly connected balanced

Longest non-Hamiltonian cycles bipartite digraphs of orders at least eight.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

We consider directed graphs (digraphs) in the sense of [ 7]. Every cycle and path is assumed simple and directed. A digraph
D is Hamiltonian if it contains a cycle passing through all the vertices of D. There are many conditions that guarantee
that a digraph is Hamiltonian (see, e.g., [7,10,14,20,21,26]). Let us recall the following well-known degree conditions
(Theorems 1.1-1.4).

Theorem 1.1 (Nash-Williams [24]). Let D be a digraph of order n > 3 such that for every vertex x, d*(x) > n/2 and d=(x) > n/2,
then D is Hamiltonian.

Theorem 1.2 (Ghouila-Houri [16]). Let D be a strongly connected digraph of order n > 3. If d(x) > n for all vertices x € V(D),
then D is Hamiltonian.

Theorem 1.3 (Woodall [28]). Let D be a digraph of order n > 3. If d*(x) + d—(y) > n for all pairs of vertices x and y such that
there is no arc from x to y, then D is Hamiltonian.

Theorem 1.4 (Meyniel [23]). Let D be a strongly connected digraph of order n > 2. If d(x) + d(y) > 2n — 1 for all pairs of
non-adjacent vertices in D, then D is Hamiltonian.

It is easy to see that Meyniel's theorem is a generalization of Nash-Williams’, Ghouila-Houri’'s and Woodall’s theorems.
A short proof of Theorem 1.4 can be found in [12].
E-mail address: samdarbin@ipia.sci.am.

https://doi.org/10.1016/j.dam.2018.11.024
0166-218X/© 2018 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.dam.2018.11.024
http://www.elsevier.com/locate/dam
http://www.elsevier.com/locate/dam
http://crossmark.crossref.org/dialog/?doi=10.1016/j.dam.2018.11.024&domain=pdf
mailto:samdarbin@ipia.sci.am
https://doi.org/10.1016/j.dam.2018.11.024

88 S.Kh. Darbinyan / Discrete Applied Mathematics 258 (2019) 87-96

For bipartite digraphs, an analogue of Nash-Williams’ theorem was given by Amar and Manoussakis in [5]. An analogue of
Woodall’s theorem was given by Manoussakis and Millis in [22], and strengthened by Adamus and Adamus [3]. The results
analogous to the above-mentioned theorems of Ghouila-Houri and Meyniel for bipartite digraphs were given by Adamus,
Adamus and Yeo [4].

Theorem 1.5 (Adamus, Adamus, Yeo [4]). Let D be a balanced bipartite digraph of order 2a, where a > 2. Then D is Hamiltonian
provided one of the following holds:

(a)d(u) + d(v) = 3a + 1 for every pair of non-adjacent distinct vertices u and v of D;

(b) D is strongly connected and d(u) + d(v) > 3a for every pair of non-adjacent distinct vertices u and v of D;

(c) the minimal degree of D is at least (3a + 1)/2;

(d) D is strongly connected and the minimal degree of D is at least 3a/2.

Some sufficient conditions for the existence of Hamiltonian cycles in a bipartite tournament are described in the survey
paper [18] by Gutin. A characterization for hamiltonicity for semicomplete bipartite digraphs was obtained independently
by Gutin [17] and Haggkvist and Manoussakis [19].

Notice that each of Theorems 1.1-1.4 imposes a degree condition on all pairs of non-adjacent vertices (or on all vertices).
In the following theorems a degree condition requires only for some pairs of non-adjacent vertices.

Theorem 1.6 (Bang-Jensen, Gutin, Li [8]). Let D be a strongly connected digraph of order n > 2. Suppose that min{d(x), d(y)} >
n— 1and d(x) + d(y) > 2n — 1 for every pair of non-adjacent vertices x, y with a common in-neighbour. Then D is Hamiltonian.

Theorem 1.7 (Bang-Jensen, Guo, Yeo [6]). Let D be a strongly connected digraph of order n > 2. Suppose that min{d*(x) +
d=(y),d”(x)+d*(y)} > n—1and d(x)+d(y) > 2n— 1 for every pair of non-adjacent vertices x, y with a common in-neighbour
or a common out-neighbour. Then D is Hamiltonian.

An analogue of Theorem 1.6 for bipartite balanced digraphs was given by Wang [27].

Theorem 1.8 (Wang [27]). Let D be a strongly connected balanced bipartite digraph of order 2a, where a > 1. Suppose that,
for every pair of vertices {x, y} with a common out-neighbour, either d(x) > 2a — 1and d(y) > a+ 1ord(y) > 2a — 1 and
d(x) > a + 1. Then D is Hamiltonian.

In [8], Bang-Jensen, Gutin and Li raised the following two conjectures.

Conjecture 1 (Bang-Jensen, Gutin, Li [8]). Let D be a strongly connected digraph of order n > 2. Suppose that d(x)+d(y) > 2n—1
for every pair of non-adjacent vertices x, y with a common in-neighbour or a common out-neighbour. Then D is Hamiltonian.

Conjecture 2 (Bang-Jensen, Gutin, Li [8]). Let D be a strongly connected digraph of order n > 2. Suppose that d(x)+d(y) > 2n—1
for every pair of non-adjacent vertices x, y with a common in-neighbour. Then D is Hamiltonian.

Adamus [ 1] proved a bipartite analogue of Conjecture 1.

Theorem 1.9 (Adamus [1]). Let D be a strongly connected balanced bipartite digraph of order 2a > 6. If d(x) + d(y) > 3a for
every pair of vertices x, y with a common out-neighbour or a common in-neighbour, then D is Hamiltonian.

The above-mentioned result of Wang and Conjecture 2 were the main motivation for the present work.

Using some ideas and arguments of [27], in this paper we prove the following Theorems 1.10 and 1.11. Fora > 4
Theorem 1.10 improves the theorem of Wang. Theorem 1.11, in particular, establishes Conjecture 2 for bipartite digraphs of
orders at least 8 in a strong form.

Theorem 1.10. Let D be a strongly connected balanced bipartite digraph of order 2a > 8. Suppose that max{d(x), d(y)} > 2a — 1
for every pair of vertices x, y with a common out-neighbour. Then D is Hamiltonian unless D is isomorphic to the digraph D(8) (for
definition of D(8), see Example 1).

Theorem 1.11. Let D be a strongly connected balanced bipartite digraph of order 2a > 8. Suppose that d(x) + d(y) > 4a — 3 for
every pair of vertices x, y with a common out-neighbour. Then D is Hamiltonian.

Observe that Theorem 1.11 and Wang’s (when a > 4) theorem are immediate consequences of Theorem 1.10.
2. Terminology and notation

Terminology and notation not described below follow [7]. In this paper we consider finite digraphs without loops and
multiple arcs. The vertex set and the arc set of a digraph D are denoted by V(D) and by A(D), respectively. The order of D is
the number of its vertices. For any x, y € V(D), we also write x — y if xy € A(D). If xy € A(D), then we say that x dominates
y or y is an out-neighbour of x and x is an in-neighbour of y. The notation x <> y denotes thatx — yandy — x (x <> y is
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called a 2-cycle). Let x, y be distinct vertices in a digraph D. The pair {x, y} called dominating if there is a vertex z in D such
thatx - zandy — z.

For disjoint subsets A and B of V(D) we define A(A — B)astheset {xy € A(D) : x € A,y € B}; A(A, B) = A(A — B)UA(B —
A).Ifx € V(D) and A = {x} we sometimes will write x instead of {x}. A — B means that every vertex of A dominates every
vertex of B; A — B means that A — B and there is no arc from B to A.

Let N*(x), N~(x) denote the set of out-neighbours, respectively the set of in-neighbours of a vertex x in a digraph D. If
A C V(D), then N*(x,A) =ANNT(x), N~ (x,A) = ANN~(x) and NT(A) = UyeaNT(x). The out-degree of x is d*(x) = |[N*(x)|
and d~(x) = |[N~(x)| is the in-degree of x. Similarly, d*(x, A) = [N*(x, A)| and d~(x, A) = |[N~(x, A)|. The degree of the vertex
x in D is defined as d(x) = d*(x) + d™(x) (similarly, d(x, A) = d*(x, A) + d~(x, A)). The subdigraph of D induced by a subset
A of V(D) is denoted by D{(A).

For integers a and b, a < b, let [a, b] denote the set of all integers which are not less than a and are not greater than b.

The path (respectively, the cycle) consisting of the distinct vertices X1, X2, . . . , X, (m > 2) and the arcs xjxi 1,1 € [1, m—1]
(respectively, x;x;11,1 € [1, m — 1], and x;;X1), is denoted by x1xX; - - - X, (respectively, X1x; - - - X,X1). We say that x{x; - - - Xy
is a path from x; to x,, or is an (x1, x,,)-path. Given a vertex x of a directed path P or a directed cycle C, we denote by x*
(respectively, by x~) the successor (respectively, the predecessor) of x (on P or C), and in case of ambiguity, we precise P or
C as a subscript (thatis x; ...).

A cycle that contains all the vertices of D is a Hamiltonian cycle. A digraph D is Hamiltonian if it contains a Hamiltonian
cycle. If P is a path containing a subpath from x to y, then by P[x, y] we denote that subpath. Similarly, if C is a cycle containing
vertices x and y, C[x, y] denotes the subpath of C from x to y (possibly, x = y). A digraph D is strongly connected (or, just,
strong) if there exists an (x, y)-path in D for every ordered pair of distinct vertices x, y of D.

Two distinct vertices x and y are adjacent if xy € A(D) or yx € A(D) (or both).

Let H be a non-trivial proper subset of V(D). An (x, y)-path P is a H-bypass if [V(P)| > 3,x #yand V(P)NH = {x, y}.

A cycle factor in D is a collection of vertex-disjoint cycles Cy, Cy, ..., G such that V(C;) U V(G) U --- U V(C)) = V(D). A
digraph D is bipartite if there exists a partition X, Y of V(D) into two partite sets such that every arc of D has its end-vertices
in different partite sets. It is called balanced if |X| = |Y|. A matching from X to Y is an independent set of arcs with origin in
X and terminus in Y. (A set of arcs with no common end-vertices is called independent). If D is balanced, one says that such
a matching is perfect if it consists of precisely |X| arcs.

Definition 2.1. Let D be a balanced bipartite digraph of order 2a, where a > 2. For any integer k, we will say that D satisfies
condition B, when max{d(x), d(y)} > 2a — 2 + k for every dominating pair of vertices {x, y}.

The underlying undirected graph of a digraph D, denoted by UG(D), it contains an edge xy if x — y or y — x (or both).
3. Examples

In this section we present some examples of balanced bipartite digraphs which we will use in the next sections to show
that the conditions of our results (the lemmas and the theorems) are sharp in some situation.

Example 1. Let D(8) be a bipartite digraph with partite sets X = {xq, X1, X2, X3} and Y = {yq, y1, y2, y3}, and the arc set
A(D(8)) contains exactly the following arcs yoX1, ¥1Xo, X2Y3, X3y2 and all the arcs of the following 2-cycles: x; <> y;,i € [0, 3],
Yo <> X2,¥Y0 <> X3,Y1 <> X2 and y1 <> Xx3.

It is easy to see that

d(xz) = d(x3) = d(yo) = d(y1) =7 and d(xo) = d(x1) = d(y2) = d(y3) = 3,

and the dominating pairS in D(S) are: {y()’ yl}v {y()’ }’2}- {y()’ y3}v {}’1,}’2}- {y15y3}v {X(), Xz}- {X(), X3}, {X% XZ}Y {X], X3} and {XZ» X3}-
Note that every dominating pair satisfies condition B;. Since xoyox3y2X2 y1Xo is a cycle in D(8), it is not difficult to check that
D(8) is strong.

Observe that D(8) is not Hamiltonian. Indeed, if C is a Hamiltonian cycle in D(8), then C would contain the arcs x;y; and
XoYo. Therefore, C would contain the path x;y1xoyo or the path xgyox1y1, which is impossible since N7 (xo) = N~ (x;) =

{vo, y1}.
Notice that the digraph D(8) does not satisfy the conditions of Wang’s theorem.

Example 2. Let D(6) be a bipartite digraph with partite sets X = {x1, x2,x3} and Y = {y1, y2, y3}, and arc set A(D(6)) =
{xiyi, yixi 11 € [1, 31} U {X1y2, X2¥1, X1Y3, Y3X1, X2Y3, Y3X2 ).

Notice that d(x;) = d(xy) = 5,d(y1) = d(y2) = 3, d(x3) = 2 and d(y3) = 6. The dominating pairs in D(6) are the following
pairs {x1, X2}, {x1, X3}, {x2, x3}, {¥1, y3} and {y3, y3} ({¥1, y>} is not a dominating pair). It is easy to check that D(6) is strong
and satisfies condition By, but UG(D(6)) is not 2-connected.

Example 3. Let H(6) be a bipartite digraph with partite sets X = {x,y,z} and Y = {u, v, w}, and arc set A(H(6)) =
{xu, ux, vx, wx, yu, vy, uz, vz, zv, Zw}.

Observe that xuzwx is a cycle of length 4 in H(6). The digraph H(6) is strong, d(x) = d(u) = d(v) = 4 and the dominating
pairs in H(6) are the following pairs {x, y}, {u, v}, {u, w} and {v, w}. Notice that H(6) satisfies condition By, but contains no
perfect matching from X to Y since N*({x, y}) = {u}. In particular, H(6) is not Hamiltonian.
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Example 4. Let D be a balanced bipartite digraph of order 2a > 8 with partite setsX = AUBU{z}and Y = C U {u, v}, where
the subsets A and B are non-empty, ANB =,z ¢ AUBand u, v ¢ C. Let D satisfy the following conditions:

(i) the induced subdigraph D{A U BU C U {z}) is a complete bipartite digraph with partite sets AU B U {z} and C;

(ii)z > uand z < v;

(iii) N*(u) = A, N*(v) = BU {z}; and D contains no other arcs.

It is not difficult to check that D is strong, d(x) = 2a — 3 forallx € AUB,d(y) = 2aforally € C, d(z) = 2a — 1,
d(u) = |A| + 1 and d(v) = |B| + 2. It is easy to check that max{d(b), d(c)} > 2a — 3 for every dominating pair of vertices
{b, ¢} (i.e, D satisfies condition B_;). Since N*(AUB) = Canda — 1 = |AUB| > |C| = a — 2, by Kéning-Hall theorem D
contains no perfect matching from X to Y.

Example 5. Let H be the complete bipartite digraph of order 2a — 2 > 6 with partite sets X = {x{,X2, ...,X,_1} and
Y = {y1,¥2,...,Ya—1}. Let D be the digraph obtained from the digraph H by adding two new vertices X, yo and the following

arcs XoYo, YoXo, Xoy1, Y1Xo-
Clearly D is strongly connected and satisfies condition By, but UG(D) is not 2-connected.

Example 6. Let F(6) be the bipartite digraph with partite sets X = {xq, X1, X2} and Y = {yq,¥1, >}, and arc set A(F(6)) =

{xiyi, yixi 1 € [0, 2]} U {yoX1, Y1X2, Xo¥1, XoY2, Y1X0, X1Y2, Y2X1}.
It is not difficult to check that F(6) is strong and satisfies condition By, but F(6) is not Hamiltonian.

4. Preliminaries

Bypass lemma (Lemma 3.17, Bondy [11]). Let D be a strong non-separable (i.e., UG(D) is 2-connected) digraph, and let H be a
non-trivial proper subdigraph of D. Then D contains a H-bypass.

Remark. One can prove Bypass Lemma using the proof of Theorem 5.4.2 [7].

Now we will prove a series of lemmas.

Lemma 4.1. Let D be a strong balanced bipartite digraph of order 2a > 8 with partite sets X and Y. If D satisfies condition By, then
the following statements hold:

(i) the underlying undirected graph UG(D) is 2-connected;

(ii) if C is a cycle of length m, 2 < m < 2a — 2, then D contains a C-bypass.

Proof of Lemma 4.1. (i) Suppose, on the contrary, that D is strong and satisfies condition B; but UG(D) is not 2-connected.
Then V(D) = E U F U {u}, where E and F are non-empty subsets, ENF = @, u ¢ E U F and there is no arc between E and
F. Since D is strong, it follows that there are vertices x € E and y € F such that {x, y} — u, i.e, {x,y} is a dominating pair.
By condition By, max{d(x), d(y)} > 2a — 1. Without loss of generality, we assume that x,y € X and d(x) > 2a — 1. Then
u € Y.Fromd(x) > 2a — 1and A(E, F) = @it follows that [ENY| = a — 1,i.e, Y NF = {. Since a > 4, there exist two
distinct vertices in Y NE, say y1, y2, such that {y,, y2} — x,i.e., {y1, y2} is a dominating pair. Since d(y, {y1, y2}) = 0, we have
max{d(y1), d(y-)} < 2a — 2, which contradicts condition B;. This proves that UG(D) is 2-connected.

(ii) The second claim of the lemma is an immediate consequence of the first claim and Bypass Lemma. Lemma 4.1 is
proved. O

The digraph D(6) (Example 2) shows that the bound on order of D in Lemma 4.1 is sharp.

The digraph of Example 5 shows that for any a > 4, if in Lemma 4.1 we replace condition B; with By, then the lemma is
not true.

Using arguments similar to those of Lemma 4.1, we can easily prove the following lemma:

Lemma 4.2. Let D be a strong balanced bipartite digraph of order 2a > 4, with partite sets X and Y. If d(x) + d(y) > 2a + 3 for
every dominating pair of vertices {x, y}, then

(i) the underlying undirected graph UG(D) is 2-connected; and

(ii) if C is a cycle of length m, 2 < m < 2a — 2, then D contains a C-bypass.

Note that Lemma 4.2 is not needed for the proof of Theorem 1.10.

Lemma 4.3. Let D be a strong balanced bipartite digraph of order 2a > 8 with partite sets X and Y. If D satisfies condition By, then
D contains a perfect matching from X to Y and a perfect matching from Y to X. Moreover, D contains a cycle factor.

Proof of Lemma 4.3. Let D be a digraph satisfying the conditions of the lemma. By the well-known Kéning-Hall theorem
(see, e.g., [9]) to show that D contains a perfect matching from X to Y, it suffices to show that [N*(S)| > |S| for every set
S C X.LetS C X.If|S| = 1or|S| = a, then [NT(S)| > |S| since D is strong. Assume that 2 < |S| < a — 1. We claim that
INT(S)| > |S|. Suppose, that this is not the case, i.e., there exists S such that [IN*(S)| < |S| —1 < a— 2. From this and strongly
connectedness of D it follows that there are two vertices x, y € S and a vertex z € N™(S) such that {x, y} — z,i.e, {x,y}isa
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dominating pair. Hence, by condition By, max{d(x), d(y)} > 2a — 2. Without loss of generality, we assume that d(x) > 2a — 2.
It is easy to see that

2a — 2 < d(x) < 2INT(S)| +a — [NT(S)| = a+ [NT(S)|.

Therefore, INT(S)| > a — 2. Thus, [N¥(S)] = a — 2 and |S| = a — 1 since [N*(S)| < a — 2. Now it is easy to see that
d(x) = 2a — 2, and hence, {u, v} — x, where {u, v} = Y \ N*(S). By condition By, max{d(u), d(v)} > 2a — 2. Without loss of
generality, we assume that d(u) > 2a — 2. On the other hand,

20 -2 < d(u) < IS|+2(a —|S]) = 2a — IS|,

which implies that |S| < 2. Therefore, a < 3 since |S| = a — 1 < 2. This contradicts that a > 4.

Thus, for any S € X we have shown that [N*(S)| > |S|. By the Kéning-Hall theorem there exists a perfect matching from
X to Y. The proof for a perfect matching in the opposite direction is analogous. Ore in [25] (Section 8.6) has shown that a
balanced bipartite digraph D with partite sets X and Y has a cycle factor if and only if D contains a perfect matching from X
to Y and a perfect matching from Y to X. Therefore, D contains a cycle factor. Lemma 4.3 is proved. O

The digraph H(6) (Example 3) shows that the bound on order of D is sharp in Lemma 4.3.
The digraph D of Example 4 shows that if in Lemma 4.3 we replace condition By with condition B_1, then the lemma is
not true.

Lemma 4.4. Let D be a strong balanced bipartite digraph of order 2a > 8 with partite sets X and Y. Suppose that D is not a
directed cycle and satisfies condition By, i.e., max{d(x), d(y)} > 2a— 2 for every dominating pair of vertices {x, y}. Then D contains
a non-Hamiltonian cycle of length at least four.

Proof of Lemma 4.4. Let D be a digraph satisfying the conditions of the lemma. If D is Hamiltonian, then it is not difficult to
show that D contains a non-Hamiltonian cycle of length at least 4. So we suppose, from now on, that D is not Hamiltonian
and contains no cycle of length at least 4. By Lemma 4.3, D contains a cycle factor. Let Cy, G, .. ., C; be a minimal cycle factor
of D (i.e., t is as small as possible). Then the length of every C; is equal to two and t = a. Let G; = x;y;x;, where x; € X and
yi € Y.Since D is strong and is not a directed cycle, there exists a vertex such that its in-degree at least two, which means that
there exists a dominating pair of vertices, say u and v. By condition By, max{d(u), d(v)} > 2a — 2. Without loss of generality,
we assume that u, v € X, u = x; and

d(xq) > 2a— 2. @))

Since a > 4 and (1), there exists a vertexin Y \ {y1}, say ¥, such that x; <> y,.Itis easy to see that y; and x; are not adjacent,
for otherwise D would contain a cycle of length 4. We have that {yq, y,} — X1, i.e.,, {y1, y2} is a dominating pair. Therefore,
by condition By,

max{d(y1), d(y2)} = 2a — 2. (2)

Ifd(y1) > 2a—2,theny and every vertex x; other than x, form a 2-cycle, since y; and x, are non-adjacent. This implies that
D contains a 4-cycle, since x; is adjacent to every vertex of Y, maybe except one. We may therefore assume thatd(y;) < 2a—3.
Then, by (2), d(y,) > 2a — 2. Consider the following two possible cases.

Case 1. The vertex y, and some vertex in X \ {xq, X»}, say x3, form a 2-cycle, i.e., y; <> x3.
Then it is not difficult to see that max{d(x3), d(x,)} > 2a — 2 since {x;, x3} is a dominating pair. Since D contains no cycle
of length 4, it is not difficult to check that

d(x1, {y3}) = d(x2, {y1,y3}) = d(x3, {y1}) = 0.

These imply that d(x;) < 2a — 4, d(x3) > 2a — 2, X3 <> Y4, and X; <> y4 because of d(x;) > 2a — 2. Therefore, x1y4x3y2X1 is a
cycle of length 4, which contradicts our supposition that D contains no cycle of length at least 4.

Case 2. d(y,, {x;}) < 1forallx; ¢ {xq, x2}.

In this case from d(y,) > 2a — 2 it follows that a = 4 and d(y,, {x;}) = 1ifi € {3, 4}.

First consider the case d*(y,, {3, X4}) > 1. Without loss of generality, we may assume that y, > xs.Using the supposition
that D contains no cycle of length at least 4, it is not difficult to show that d*(ys, {x1, Xx2}) = 0, x3y; ¢ A(D). Therefore,

A({X3!y3}_) {Xlsyl’X25y2})=®' (3)

Ify, — x4, by anargument similar to that in the proof of (3), we obtain that A({x4, y4} — {X1, Y1, X2, ¥2}) = @, which together
with (3) contradicts that D is strong. We may therefore assume that y,x, ¢ A(D). Then x4 — ¥, since d(y», {X4}) = 1. From
d(x2, {y1}) = d (x2,{y3}) = 0, we have that d(x,) < 2a — 3. From this, {x,, x4} — y, and condition By it follows that
d(x4) > 2a — 2. On the other hand, using the supposition that D contains no cycle of length at least 4, it is easy to check that
d~ (X4, {y1,y3}) = 0. This together with d(x4, {y.}) = 1 gives d(x4) < 2a — 3, which is a contradiction.

Now consider the case d*(y,, {x3, x4}) = 0. Then {x3, x4} — y, because of d(y,, {x3}) = d(y,, {x4}) = 1. Since D contains
no cycle of length at least 4, it is easy to check that A({x1, X2} — {¥3,ya}) = @ and d*(y1, {x3, x4}) = 0. In consequence, we
have A({x1, y1, X2, ¥2} — {X3, ¥3, X4, ¥4}) = @, which contradicts that D is strong. Lemma 4.4 is proved. O
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Let C¢ (respectively, P*) be the digraph obtained from the undirected cycle of length 6 (respectively, from undirected
path of length 5) by replacing every edge xy with the pair xy, yx of arcs.
Observe that the digraph C; (and P*) satisfies the conditions of Lemma 4.4, but has no cycle of length 4.

5. Proof of the main result

Proof of Theorem 1.10. Let D be a digraph satisfying the conditions of the theorem. For a proof by contradiction, suppose that
D is not Hamiltonian. In particular, D is not isomorphic to the directed cycle of length 2a. Let C := XoyoX1V1 . . . Xm—1Ym—1Xo be
alongest cycle in D, where x; € X andy; € Y foralli € [0, m— 1] (all subscripts of x; and y; are taken modulo m, i.e., X;;1; = X;
and yp,4; = y; foralli € [0, m — 1]). By Lemma 4.4, D contains a cycle of length at least 4, i.e.,, m > 2. By Lemma 4.1(ii), D
has a C-bypass. Let P := xuqu; ... usy be a C-bypass (s > 1). The length of the path C[x, y] is the gap of P with respect to
C. Suppose also that the gap of P is minimum among the gaps of all C-bypass. Since C is a longest cycle in D, the length of
Clx, y] is greater than or equal to s + 1.

Firstly we prove that s = 1. Suppose, on the contrary, that is s > 2. Since C is a longest cycle in D and P has the minimum
gap among the gaps of all C-bypass, the vertex y. (respectively, us) and every vertex of P[uy, us] (respectively, C [x;r, yel)
are not adjacent. Hence,

dus) <2a—2 and d(y;)<2a-2

since each of P[uq, us] and C [x;r, Y | contains at least one vertex from each partite set. On the other hand, since {us, y-} isa
dominating pair, by condition B;, we have

2a — 1 < max{d(us), d(y¢ )} < 2a -2,
a contradiction. We have thus shown thats = 1.

Since s = 1 and D is a bipartite digraph, it follows that x and y belong to the same partite set and the length of C[x, y]
must be even. Now assume, without loss of generality, that x = xg, ¥ = x, and v := uy. Let C' := V(C[yo, yr_1]) and
R :=V(D)\ V(C). We now consider the cases when r > 2 and when r = 1 separately.

Casel.r > 2.
Let x be an arbitrary vertex in X N R. Since C is a longest cycle in D, it is easy to see that

d*yr1, XD +d(x, () <1 and d*(v, (x}) +dT(x, (yo}) < 1. (4)

Note that {v, y,_1} is a dominating pair. Observe that v and every vertex of C’are not adjacent since C-bypass P has the
minimum gap among the gaps of all C-bypass. Therefore,

dlv)<2a—2 and d(x)<2a-—2, (5)

where x; is an arbitrary vertex in X N C’. Since {v, y,_1} is a dominating pair, using condition B; and the first inequality of
(5), we obtain

d(yr-1) = 2a — 1, (6)

which in turn implies that

(i) the vertex y,_; and every vertex of X are adjacent.

In particular, (i) implies that y,_; and x are adjacent, i.e, x — y,_qjory,_1 — x.Ifx — y,_1,thend (x, {v,y0}) = 0
because of gap minimality. Hence, d(x) < 2a — 2. This together with d(x,_1) < 2a — 2 (by the second inequality of (5)) gives
a contradiction since {x, x,_1} is a dominating pair. We may therefore assume that xy,_; ¢ A(D). Then y,_; — x. By the
arbitrariness of x, we may assume that y,_; +— X N R. This together with d(y,_1) > 2a — 1 (by (6)) implies that |[R| = 2,
i.e., the cycle C has length equal to 2a — 2, and

(ii) the vertex y,_; and every vertex of X N V(C) form a 2-cycle. In particular, {xq, X1} — yr_1,¥r-1 — {Xo, X1}, and
d(xg) > 2a — 1since, by (5), d(x1) < 2a — 2.

By (ii), any two distinct vertices of X N V(C) form a dominating pair. Therefore, every vertex of X N V(C), except for at
most one vertex, has degree at least 2a — 1. This together with the second inequality of (5) implies that r = 2 and

dx;)>=2a—1, forall x e {xo,x1,...,Xm-1}\ {X1}, (7)

which in turn implies that
(iii) the vertex v and every vertex x; € {Xo, X1, ..., Xm—1} \ {X1} are adjacent.
It is not difficult to see that

if x—yo. then d(y,{x:}))+d (o, {x1}) =1 forall je[2,m—1]. (8)

Indeed, if this is not the case, then x — y, and there exists i € [2, m — 1] such that y; — x; and yo — X;+1. Then, since
¥1 — X, we have that vx, . ..YiX1y1XYoXit+1 - . - Xov iS @ Hamiltonian cycle, which is a contradiction.
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Using the first inequality of (4) and xy; ¢ A(D) (by our assumption that xy,_; ¢ A(D)) we obtain that d*(x, {v, y;}) = 0.
Therefore, since D is strong, it follows that there is a vertex y; other than y;, such that x — y,. Notice that | # 2, since P has
the minimum gap among the gaps of all C-bypass. If | < m — 1 and x; — yo, then vx; ... Xx;yoX1Y1XY . . . Xov is a Hamiltonian
cycle, a contradiction. Thus, we may assume that

if 3<l<m-—1, then xyq ¢ A(D). (9)
Recall that r = 2 and |R| = 2, and consider the following three possible subcases.

Subcase 1.1. v — Xx.

From the minimality of the gap |C[xo, x,]| — 1 of P and (iii) it follows that v — {x;, X3, ..., X;z_1}. This together with (7)
implies that

(iv) every vertex x;, other than x and x4, and every vertex y; form a 2-cycle. In particular, for alli € [2, m — 1], x; <> Yo
and y; — X — {yo, y1}.

Now using (9) and (iv), it is not difficult to see that

d*(x, {y1,¥2. ..., ym_1}) =0 and x — yo, (10)

i.e,l = 0.Fromy; — x — Yo and (4) it follows that v and x are not adjacent. Therefore, d(x) < 2a — 2. This together with
d(x1) < 2a — 2 (by (5)) and condition B; implies that x1yo ¢ A(D). Since {v,yo} — x; and d(v) < 2a — 2 (by (5)), from
condition B it follows that d(yg) > 2a — 1. This together with x1y, ¢ A(D) gives yo — Xo. Combining this with (iv) we obtain
that yo — {x2, X3, ..., Xm_1, Xo}. Therefore, from (8) it follows that d~(x1, {¥2,¥3, ..., ¥m—1}) = 0. This together with (10)
implies that d(y,) < 2a — 2. Now recall that {v, y,} — x5, by (iv) (i.e., {v, y»} is a dominating pair), but d(y,) < 2a — 2 and
d(v) < 2a — 2, which contradicts condition B;.

Subcase 1.2. vxy ¢ A(D) and x; — v.
Then from the minimality of the gap |C[xo, X2]| — 1 and (iii) it follows that

{X3,X4, ce. ,Xm—lvx0} = v.

This together with (7) implies that

(v) every vertex x;, other than x; and x,, and every vertex y; form a 2-cycle, where j € [0, m — 1]. In particular, y; — xo,
and ifi ¢ {1, 2}, then x; <> yo.

From (9) and (v) it follows that in this subcase (10) also is true. From x — yo — x;, where i ¢ {1, 2}, and (8) it follows
that d=(x1, {y2,¥3, ..., Ym—1}) = 0. Using this and (10), we obtain

dyj)) <2a—2 forall je[2,m—1]. (11)

By (v), ¥ — X for all y;. Combining this with (11) we obtain that m = 3, i.e., the cycle C has length 6, in particular, a = 4.
From d(y,) < 2a — 2 (by (11)), {0, y2} — X0 (by (v)) and condition By it follows that d(y,) > 2a — 1. Therefore, yo — x and
Yo <> Xp since x1yo ¢ A(D). Using (ii), i.e., the fact that the vertex y; forms a 2-cycle together with each vertex of {xo, X1, X2},
it is easy to see that x; and y, are not adjacent (for otherwise, if x; — y,, then x1y2Xqvx2y1XyoX1 is a Hamiltonian cycle;
if y» — x1, then y,x1y1Xy0XovX2y> is @ Hamiltonian cycle). On the other hand, the vertices x and y, also are not adjacent,
because of the minimality of the gap |C[xo, x2]| — 1. Therefore, d(y,, {x, x1}) = 0. Since v — x5, d(v) = 3 and d(y;) < 4,
using condition B; we obtain that y,x, ¢ A(D). We have thus shown that a = 4, D contains exactly the following 2-cycles
and arcs: v < X2, X2 < V1,Y1 < X1, Y1 < X0, Y2 <> X0, Yo <> X0, Y0 <> X, Yo <> X2, X2Y2, Y1X, YoX1 and XoU.

Now it is not difficult to check that D is isomorphic to D(8). (To check this, let now X := {Xo,X1,X2,x3} and Y :=
{yo, Y1, ¥2, y3}, where xg = X, X1 := X1, X2 ‘= X0, X3 = X2, Y0 ‘= Yo, Y1 ‘= Y1, Y2 := y2 and y3 := v). Subcase 1.2 is
considered.

Subcase 1.3. vxy ¢ A(D) and xv ¢ A(D).
Let t be the number of vertices in C[X3, X;,—1] each of which together with v forms a 2-cycle (recall that v € Y). We will
consider the subcases t > 1and t = 0 separately.

Subcase 1.3.1.t > 1.
Thenm > 4. Let x; € C[x3, Xn—1] be a vertex such that v and x4 form a 2-cycle, i.e., v <> x4. From this, (iii) and the fact
that C-bypass P has the minimum gap among the gaps of all C-bypass it follows that

vi—> (X2, X3, ..., %1} and  {Xg41, Xg42, -+ -5 Xm—1, X0} > V. (12)

Hence, t = 1. Using (7) and (12) we conclude that

(vi) every vertex x; € C[xa, Xo] \ {X;} and every vertex y; form a 2-cycle. In particular, for every vertex y;, y; < Xz,
{v,yj} = x (i.e, {v, y;} is a dominating pair) and x; — y, for all x; other than x; and x,.

From condition By, (vi) and d(v) < 2a — 2 (by (5)) it follows that

d(yj)>2a—1 forall je[0,m—1]. (13)
Using x; <> Yo (by (vi)), where x; ¢ {x1, X;}, and (9) we obtain that | = g or [ = 0. Recall thatx — y,.
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Letl = q,ie,x — yq. By (9), Xq¥o ¢ A(D). This together with d(x;) > 2a — 1 (by (7)) implies that yo — x,. Since
C-bypass P has the minimum gap among the gaps of all C-bypass, it follows that y,_1x ¢ A(D) (for otherwise, the C-bypass
Yq-1 — X — yq has a gap equal to 2, which is a contradiction). Therefore, since d(y,—1) > 2a — 1 (by (13)), y4—1 — X1. Now
it is easy to see that vX; ... Y4—1X1¥1XYq . . . XoYoXqv is a Hamiltonian cycle in D, which contradicts our initial supposition.

Letnow [ # g. Thenl = 0, i.e.,
x—yo and d*(x,Cly1,ym-11)=0,

in particular, xy,,_1 ¢ A(D). Because of gap minimality and x — yg, we have that y,;_1x ¢ A(D). Therefore, x and y,,,_1 are
not adjacent which in turn implies that d(y,,—1) < 2a — 2. This contradicts (13), whenj =m — 1.

Subcase 1.3.2.t = 0, i.e., thereisno x;,i € [0, m — 1], such that x; <> v.

From (7) it follows that

(vii) every vertex x; other than x; and every vertex y; form a 2-cycle. In particular, for every i # 1and everyj € [1, m —1]
we have x; <> yo and y; < x,.

Now using (9) and x; <> Yo, 1 # 1, we see that for this subcase (10) also is true. From x — o, (vii) (i.e., yo —
{x2,X3,...,Xm_1, Xo}) and (8) we obtain that d~(x1, {y2, ¥3, ..., ¥m-1}) = 0. This together with the equality of (10) implies
that

d(y;) <2a—2 forall y;¢ {yo, 1},

in particular, d(y,) < 2a — 2. From (vii) we have that y, — x,. Hence, {v, y2} — x5 (i.e., {v, ¥»} is a dominating pair). Now
using (5), we see that max{d(v), d(y,)} < 2a— 2, which contradicts condition B;. This contradiction completes the discussion
of Case 1.

Case2.r = 1.

Note that {v, yo} is a dominating pair. By condition By, max{d(v), d(ye)} > 2a — 1. Because of the symmetry between the
vertices v and yq, we can assume that d(v) > 2a — 1, which implies that

(viii) the vertex v and every vertex of X are adjacent.

Subcase 2.1. In subdigraph D(R) there exists a 2-cycle through v.
Letu € X NRand v <> u. In this subcase, since C is a longest cycle in D, it is easy to see that the following Claims 1 and 2
are true.

Claim 1. Ifx; — v, i € [0, m — 1], then uy; ¢ A(D), and if v — x;, theny;_1u ¢ A(D).
Claim 2. [f x; &> v — X;11,1 € [0, m — 1], then u and y; are not adjacent.

We now prove the following claim:
Claim 3. Ifx; <> v,i € [0, m — 1], then (a) x;;1 — v and (b) v — X;_1 are impossible.

Proof of Claim 3. (a). Suppose, on the contrary, that for some i € [0, m — 1] X; <> v and x;1; > v. This and the fact that
d(v) > 2a — 1 (by our assumption) imply that

v<x forevery xeX\ {x1). (14)

From (14) and Claim 2 it follows that
(ix) if v <> z, where z € X N R, then z and every vertex of (Y N V(C)) \ {y;} are not adjacent. In particular, the following
hold d(z) < 2a — 2 and d(y;) < 2a — 2 for any y; other than y;.

If X NR| > 2, then, by (14) and (ix), there are two distinct vertices in X N R, say x and z, such that x <> v,z < v and
max{d(x), d(z)} < 2a — 2, which contradicts condition B;. We may therefore assume that |X N R| = 1. Then the cycle C has
length 2a — 2,i.e, m = a— 1 > 3.Since u <> v, X1 — v and d(u) < 2a — 2 (by (ix)), from condition B it follows that
d(x;11) > 2a— 1. This together with x;; 1 — v implies thatx;; and every vertex of Y \ {v} form a 2-cycle, i.e., any two distinct
vertices of Y N V(C) form a dominating pair. On the other hand, since m > 3 and (ix), there exist two distinct vertices in
(Y N V(C)\ {yi}, say ys and yy, such that max{d(y;), d(yx)} < 2a — 2, which contradicts condition B;. Claim 3(a) is proved.
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(b). Suppose, on the contrary, that for some i € [0, m — 1] x; <> v and v — x;_1. Similar to (14), we obtain that
v<x forany xe X\ {xi_1}. (15)

This and Claim 2 imply

(x) every vertex x € X N R and every vertex of y; € (Y N V(C)) \ {yi—1} are not adjacent. In particular, d(x) < 2a — 2 and
d(y;) < 2a— 2.

If XN R| > 2, then, by (15) and (x), there exist two distinct vertices in X N R, say x and z, such that {x, z} — v and
max{d(x), d(z)} < 2a — 2, which contradicts condition B;. Hence we may assume that |X N R| = 1. Then the cycle C has
length 2a — 2,i.e, m = a — 1 > 3. Since x; <> v and v < u, from condition B; and the first inequality of (x) (when x = u)
it follows that d(x;) > 2a — 1. Therefore, x; and every vertex of Y N V(C), maybe except one, form a 2-cycle. Using this and
the second inequality of (x), we obtain that m = 3,y — x; for somey € (Y N V(C))\ {yi—1} and d(y;—1) > 2a — 1. Since
Vi—1u ¢ A(D), it follows thatu — y;_1. Thus we have, {x;_1, u} — y;_1 (i.e., {xi_1, u} is a dominating pair) and d(x;_;) > 2a—1
because of d(u) < 2a — 2 by the first inequality of (x). Then d(x;_1) > 2a — 1 and v — x;_; imply that x;_; and every vertex
of Y N V(C) form a 2-cycle. Since m = 3, there exist two distinct vertices in (Y N V(C)) \ {¥i—1}, say ys and yy, such that
{ys, ¥k} — xi_1.Because of the second inequality of (x), we have max{d(ys), d(yx)} < 2a — 2, which contradicts condition B;.
Claim 3 is proved. O

Now we can finish the proof of Theorem 1.10 in Subcase 2.1.

By Claim 3 and d(v) > 2a — 1 (by our assumption), the vertex v and every vertex of X N V(C) form a 2-cycle. Therefore,
by Claim 2, the vertex u and every vertex of V(C) are not adjacent, which in turn implies that

du) <2a—2 and d(y;)<2a—-2 forall je[0,m—1]. (16)

Using the facts that {x;, u} — v,d(u) < 2a—2 and condition B;, we obtain that d(x;) > 2a— 1 for all x;. Since d(y;) < 2a—2 for
all yj, using condition By we conclude that no two distinct vertices of {yo, y1, . . ., ¥m—1} form a dominating pair. In particular,
yiXi ¢ A(D) for all y;. This and the fact that d(x;) > 2a — 1 imply that x; and every vertex of Y \ {y;} form a 2-cycle.

From this and (16) it follows that if m > 3, then {yq, y»} — X1, but max{d(yo), d(y»)} < 2a — 2, which is a contradiction.
We may therefore assume that m = 2. Then |R| > 4 and there is avertexy € (Y NR)\ {v} such that xq <> y since yoxo ¢ A(D)
and d(xg) > 2a — 1. Therefore, {y1,y} — Xo, i.e., {y1,y} is a dominating pair. Since d(y;) < 2a — 2 (by (16)), condition B,
implies that d(y) > 2a — 1. Therefore,y — u or u — y. Now using the facts that X, <> y, X0 <> v and x; < v, it is not
difficult to show that (in both cases) D contains a cycle of length 2m + 2 = 6, which contradicts that C is a longest cycle in
D. The discussion of Subcase 2.1 is completed.

Subcase 2.2. In subdigraph D(R) there is no 2-cycle through the vertices v.

In this subcase from d(v) > 2a — 1 it follows that [R| = 2, u +— v or v — u, where {u} = X N R, and the vertex v and
every vertex of X \ {u} form a 2-cycle. Since D is strong, it follows that if u — v (respectively, v — u), then there exists
a vertex y; such that y; — u (respectively, u — y;) and hence, y;uvx;,1 .. .x;y; (respectively, x;vuy; ... x;) is a Hamiltonian
cycle, a contradiction. This contradiction completes the proof of the theorem. O

Theorem 1.10 is best possible in the following sense:

The digraph F(6) (Example 6) and its converse digraph show that the bound on order of D in Theorem 1.10 is sharp.

The digraph D of Example 5 shows that if in Theorem 1.10 we replace condition B; with condition By, then the theorem
is not true.

Corollary 5.1 (Wang [27]). Let D be a strongly connected balanced bipartite digraph of order 2a, where a > 4. Suppose that, for
every dominating pair of vertices {x, y}, either d(x) > 2a — 1and d(y) > a+ 1ord(y) > 2a — 1and d(x) > a + 1. Then D is
Hamiltonian.

6. Concluding remarks

A balanced bipartite digraph of order 2a is even pancyclic if it contains cycles of every length 2k, 2 < k < a. Bondy
suggested (see [13] by Chvatal) the following metaconjecture:

Metaconjecture. Almost any non-trivial condition of a graph (digraph) which implies that the graph (as digraph) is Hamiltonian
also implies that the graph (digraph) is pancyclic. (There may be a “simple” family of exceptional graphs (digraphs)).

There are various sufficient conditions for a digraph (undirected graph) to be Hamiltonian are also sufficient for the
digraph (undirected graph) to be pancyclic. Motivated by these, it is natural to set the following problem:

Problem. Characterize those balanced bipartite digraphs which satisfy condition B; or the condition of Theorem 1.9 but are
not even pancyclic.
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We have shown the following theorem.

Theorem 6.1 (Darbinyan [15]). Let D be a strongly connected balanced bipartite digraph of order 2a > 8 other than a directed
cycle of length 2a. If max{d(x), d(y)} > 2a — 1 for every dominating pair of vertices {x, y}, then either D is even pancyclic or D is
isomorphic to the digraph D(8) (for the definition of D(8), see Example 1).

Using Theorem 1.9, recently Adamus [2] proved that:

Theorem 6.2 (Adamus [2]). Let D be a strongly connected balanced bipartite digraph of order 2a > 6. Suppose that D is not a
directed cycle and d(x) + d(y) > 3a for every pair of vertices x, y with a common in-neighbour or a common out-neighbour. Then
D is even pancyclic.
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